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Zusammenfassung 

Mit G := —{d^ + x'^dj^) bezeichnen wir den Grusin Operator auf R^. Das 
Cauchy- Problem der assoziierten Wellengleichung auf R x ist gegeben durch 



wobei sich t auf die Zeit bezieht und /, g geeignete Funktionen sind. Die Losung 
dieses Problems ist formal gegeben durch 



Das Thema dieser Dissertation sind Glattheitseigenschaften der Losung v in 
Abhangigkeit von den Anfangsdaten. Wir betrachten dabei einen festen Zeit- 
punkt t. Die Glattheit einer Losung messen wir beziiglicli Sobolev-Normen 
ll/lkg '■— 11(1 + ^)"'^^/IUp5 definiert in Termen des Differentialoperators G. 
Sc bezeichne den Streifen Sc '■= {{x,u) G R^; \x\ < G} im R^. Wir be- 
weisen, dass fiir 1 < p < oo die Losung v in L~" liegt, falls unsere Anfangs- 
daten / und g in einem Streifen Sc, C > 0, getragene Lp-Funktionen sind 
und zudem a > — 1/2| gilt. Hierzu zeigen wir, dass sich fiir alle C > 
der Operator exp(it\/G){l + G)""/^, definiert auf dem Schwartzraum zu 



einem beschrankten Operator von Lp{Sc) nach Lp(R^) fortsetzen laBt, sofern 
a > 1/2| gilt. 




v{t,x,u) := [cos(tV^)/](x, n) + 



sin(tv^) 



g {x,u). 



Vg 



Abstract 



Let G := — + denote the Grusin operator on R^. Consider the Cauchy 

problem for the associated wave equation on R x R^, given by 



dt^ J ' " dt 

where t denotes time and /, g are suitable functions. The solution to this problem 
is formally given by 

/ rr::-. „w x \ sm it^/G) 1, , 

v[t,x,u):=[cos[t^G)t\[x,u)+ j= — g [x,u). 

y G 



The focus of this thesis lies on smoothness properties of the solution v for fixed 
time t with respect to the initial data. Smoothness can be measured in terms 
of Sobolev norms ||/||l° := II (1 + defined in terms of the differential 

operator G. Let Sc denote the strip Sc '■= {{x,u) G R^; |x| < G} in R^. We 
prove that for 1 < p < oo the solution v is in if our initial data / and g 
are Lp-functions supported in a fixed strip Sc, G > 0, and if a > \l/p — 1/2| 
holds. In fact, we show that for every G > the operator exp{it\/G){l + G)~°'^'^, 
defined for Schwartz functions, extends to a bounded operator from Lp{Sc) to 
Lp(R2) for all a > |l/p- 1/2|. 
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Introduction 

0.1 Context and background 

Let 

L{x,d,) = -Y,^o.{x)d,'' (0.1) 

l«l<2 

be a linear partial differential operator of order 2 with smooth real coefficients 
in an open set 1] C R'' with principal symbol Lpr{x,^) := J2\a\=2^'^{x)^°'. We 
say L is elliptic in x, if 

^ for all e G T,.fi\0 := G T,.fi; ^ 7^ 0}. 

We call L elliptic, if L is elliptic for all x E Q. L is called non- elliptic, if L is not 
elliptic. 

In addition, we assume that L is positive and essentially selfadjoint. We con- 
sider now the following Cauchy problem for the wave equation associated to L 
on Q: 

d'^v „ dv . 

— + L. = 0, .U = /, -Q-t^t.o = 9, 

where t denotes time and /, g are suitable functions. The solution to this problem 
is formally given by 

v{t, x) := cos(tyL)/(x) + ^^^^^^^^g{x), {x, t) e n x R. 

The functions of L are defined by the spectral theorem and the above expression 
for V makes sense at least for f,g& //^(R'^). 

Smoothness properties of the solution v, for fixed time t, can be measured in 
terms of Sobolev norms / • — II adapted to L. We are especially 

interested in estimates of the following kind. 

For every t>0, l<j><oo and a > a{d,p) there exists a constant Cp^ such 
that 

||cos(tv^)/||^^-. <C;,||/||, (0.2) 

and 

sin(t-\/L) 



-9 



< C^Mp (0.3) 



hold. 



We call these estimates wave estimates. 
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Wave estimates for the Laplacian on Euclidean space 

For L = —A and Q = R'^, we have the usual Cauchy problem on the Euclidean 
space. For this case, estimates have been established by Sigrid Sjostrand [25] . 
Akihiko Miyachi [H] and Juan Peral [21]. In 1980, Peral and Miyachi inde- 
pendently showed the estimates fl0.2p . fl0.3l) for a{d,p) := {d — l)|l/p — 1/2|. 
In fact, they showed that these estimates also hold true for the endpoint 
a = a{d,p) = {d — l)\l/p — 1/2| if 1 < p < oo. Moreover, both operators 
are bounded from the Hardy space ifi(R'^) to Li(R,'^) for a = {d — l)/2. These 
estimates are optimal. In the following we call a{d,p) := {d — / p — 1/2| the 
critical index. 

The solution v can also be written as 

v{x,t) = J^{2nr' 1 1 e^«^-^)-«+^l«wl(/(y) + 6^) dy d^ 
=: J2<of{^) + Ki9i^)- 

e=±l 

The operators A* ^ are Fourier integral operators. Andreas Seeger, Christopher 
D. Sogge and Elias M. Stein [2S] showed that wave estimates flU.2l) . (10.31) hold 
true for a wide class of Fourier integral operators for the critical index a{d,p) 
and d the topological dimension of the underlying space. 
In general let 

P:=dt^ + L{x,d,), 

with L defined as in flO.ip . and put p{x,T,^) := —r'^ + Lpr^x,^). If L is an elliptic 
operator, then P is strictly hyperbolic, which means that 

p{x,T,^) has two real distinct roots ri(x,,^), T2{x,^) 
for each (x, ^) with ^ 7^ 0. 

It is well known (see J. J. Duistermaat [1]) that in this case one can find elliptic 
Fourier integral operators T*^ such that for small t the solution v{t,x) of the 
Cauchy problem with initial conditions (9t^f (0, ■) = fk for = 0, 1 is given by 

v{t,x)= TlJk{x), 

J=l,2, fc=0,l 

modulo an infinitely smoothing operator (this technic is often called the geomet- 
rical optics ansatz). Therefore, the estimates (10.21) and (10. 3p hold true for a wide 
class of elliptic operators L, provided t is small and a{d,p) = {d — l)\l/p — l/2\. 
In fact, Seeger, Sogge and Stein [23] showed these estimates for elliptic differen- 
tial operators of order m on compact, smooth manifolds of dimension d. Locally 
such an operator of order 2 is of the form (10.11) . 



0.1 Context and background 
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Hormander type operators 

Now we remove the requirement of ellipticity. To ensure that the question of 
smoothness of a solution v of the wave equation is reasonable, we should demand 
that L{x, dx) is hypoelliptic, which means that for all v G D'[Q) 

singsuppw C singsupp L(a;, (9r)w 

holds. An elliptic operator L is hypoelliptic. 

In 1967, Lars Hormander showed that operators of the form 

m 

Lix,d,) :=-(^X2 + Xo), 
1=1 

where all Xi are real vector fields on an open set Q, are hypoelliptic under the 
following, rather weak condition: 

For all X E Q, the tangential space T^fi in x is spanned by {Xi, . . . , Xm} 
and finitely many iterated commutators of Xi, . . . , X^- 

This condition is often called Hormander 's condition and an operator which 
fulfills it is called an operator of Hormander type. If we write L as ^|q,|<2 cia{x)dx°', 
we can show that — ^|a|=2 '^"(^)^'^ — ^- Operators fulfilling this inequality are 
often called degenerate elliptic operators. 

The associated wave equation to a non-elliptic operator is not strictly hy- 
perbolic, and that is why we cannot use a geometrical optic ansatz to write the 
solutions by using Fourier integral operators. Since we have no " straight forward" 
way of computing the solutions of the wave equation, we can presently only hope 
to get results for special operators. Furthermore, the underlying geometry is sub- 
Riemannian and, in general, substantially more complex than the geometry for 
wave equations associated to elliptic operators. 

Nevertheless, we expect that for many Hormander type operators (10. 2p and 
fl0.3p hold true for the critical index {d — l)\l/p—l/2\, where d is the topological 
dimension of the underlying space and that such a result is optimal, except for 
the endpoint. As far as we know, there is only one result of this type for a 
non-elliptic operator yet known. We define this operator in the following. 

Wave estimates for the sub-Laplacian on the Heisenberg group. 

Let Mm denote the 2m + 1-dimensional Heisenberg group. As a manifold Hm is 
the R^'""'"^. The vector fields Xj := dx^ — \yjdu-, Yj := dy. + \xjdu, U := du form a 
natural basis for the Lie algebra of left-invariant vector fields. The sub-Laplacian 

m 
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is non-elliptic. Nevertheless, L is a hypoelliptic operator, since [X^, 1^] = U and 
hence the Hormander condition is fulfilled. 

In 1999, Detlef Miiller and Elias M. Stein [IH] showed that the estimates (ESD, 
(IU.3p hold true for the critical index {d — l)|l/p — 1/2|, where d := 2m + 1 is the 
topological dimension of Mm- Except for the endpoint a{d,p), this result is opti- 
mal. One can reduce the proof to showing that the operator exp{i\/L){l + 
is bounded on Lp for a > a{d,p). Furthermore, it can be restricted to the case 
p = 1. For this case, Miiller and Stein showed that the corresponding convolution 
kernel of this operator lies in Li{Mm). 

Before we present our result, we want to mention a recent result by Michael 
Cowling and Adam Sikora. They studied a sub-Laplacian on the group SU{2). 
This sub-Laplacian is also of Hormander type. Since the SU (2) is connected to 
the Heisenberg group (see Fulvio Ricci [22]), one can hope to get wave estimates 
for the wave equation associated to this sub-Laplacian for the critical index 
a{d,p) = {d — l)\l/p— 1/2| = 2\l/p— 1/2|. We know, by oral communication, 
that Cowling and Miiller are working on this topic and have developed some new 
technics, which yield, in principle, the wave estimates on the group SU{2) for 
the critical index. But they have not worked out all details yet. 

Instead of wave equations. Cowling and Sikora studied multipliers and proved 
a spectral multiplier theorem for this sub-Laplacian. By general functional cal- 
culus one can deduce multiplier theorems from wave estimates (see Miiller |16j). 

Spectral multiplier theorems 

We say that for an operator L{x, fi^) a Mikhlin- Hormander multiplier theorem 
holds if for all bounded Borel functions m : R"*" —>■ C with 

sup \\r]{-)m{t-)\\H, < oo (0.4) 

tG[l,oo[ 

the operator m{L) is a bounded operator on Lp for 1 < p < oo and m{L) is of 
weak type (1, 1), provided s is bigger than an index s q. rj is here a non trivial cut- 
off function on R+. Miiller and Stein [20] and independently Waldemar Hebisch 
[To] proved a Mikhlin-Hormander multiplier theorem for the sub-Laplacian L 
on Mm for the index sq = d/2 = (2m + l)/2, which is half of the topological 
dimension of Hm- This result is optimal, except for the endpoint. It follows also 
from the mentioned estimates for the wave equation by Miiller and Stein by the 
method of subordination. In fact, Hebisch [10], and also Ricci, Miiller and Stein 
[T7] showed multiplier theorems for generalized Heisenberg groups and not only 
for 

In 2001, Cowling and Sikora showed that a Mikhlin-Hormander multiplier 
theorem for a sub-Laplacian on the group SU{2) (see [3]) holds true for sq = 3/2, 
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which is half of the topological dimension of SU{2) and therefore, this result is 
the analogue for SU{2) of the result obtained by Miiller and Stein and as well of 
the result by Hebisch. This result is optimal, except for the endpoint. 

By using the methods of Miiller in [16], it should be possible to prove a 
Mikhlin-Hormander multiplier theorem for the Grusin operator. We conjecture 
the following theorem. 

Conjecture. Let m : R,"*^ ^ C a bounded Borel function that fulfills (10.41) . Than 
m{G) is a bounded operator on Lp for 1 < p < oo and m{G) is of weak type 
(1, 1), provided s > 1. 

0.2 The main result 

Let Sc denote the strip := {(x', n') G R^; < C} in R^. In this thesis, we 
show that for the most basic and historically first studied non-elliptic Hormander 
type operator the estimates (IU.2I) and fl0.3l) hold true with critical index a{d,p) 
and d the topological dimension of the underlying space, provided the initial data 
/ and g are supported in a fixed strip Sc- This operator is the Grusin operator. 
The Grusin operator G is defined by 

G:=-{d,^ + x^dJ) 

on R^. Though this operator is non-elliptic, it is still a hypoelliptic operator, 
since it fulfills the Hormander condition. Since G is one of the easiest Hormander 
type operators, it is predestinated as a starting point for a systematic study of 
wave equations for non-elliptic operators of this type. 

G posses less invariance properties than the sub-Laplacian L on Mm- That 
is why the study of waves associated to this operator is more difficult than the 
study of waves associated to L. In contrast to L, the Grusin operator is not 
translation invariant. Waves associated to G that start near the axis x' = 
exhibit a behavior similar to the behavior of waves on Hi. Waves associated to 
G that start far away form the axis x' = behave like waves associated to an 
elliptic operator. Especially the transition area, < x' < 1, is very interesting 
and gives new insights in the general theory of wave estimates for operators of 
Hormander type. 

G is connected to the sub-Laplacian L on Hi, since it can be written as an 
image of L under a certain representation of Hi. 
Our result reads as follows. 
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Theorem 1. For every C>0,t>0,l<p<oo and a > \l/p — l/2\ there 
exists a constant C^^ q such that for all f and g in and supported in Sc the 
estimates 

cos{t\/G) 



and 



(1 + 

sm{ty/G) 



f 



< a 



Lp(IR2), 



G'(l + G')("-i)/2- 



Lp(E2) 



^ Cp,t,c\\9\\Lp{Ii2), 



hold. 



Since the topological dimension is d = 2, and hence d—l = l, this theorem is 
a localized analogue for G of the result by Miiller and Stein for the sub-Laplacian 
on the Heisenberg group. 

We can restrict to t = 1, since G is homogenous with respect to the 
dilation 6r : {x,u) t-^ {rx.r'^u), r > 0. Instead of cos(-\/G)(1 + G')""'/^ 
and sin(V^)G-i/2(i + G')-"/2 study the operator exp(zyG)(l + G^'^. 
The assertion for cos(-\/G)(1 + G)""*^^ follows immediately. For the operator 
s\.ii{-\fG)G~^/'^{\ + (j)~°/2, we use that it suffices to prove the assertion for 
r]{G) sin(tyG)G-i/2(^-°/^ where ?7 is a smooth function supported away from 
the origin. Thus our theorem can be reduced to the following. 

Theorem 2. For every C > 1 < p < oo, the operator exp{i^/G){l + G)^°'^'^ 
extends to a bounded operator from Lp{Sc) to Lp(K^), provided a > \l/p— 1/2|. 

By standard interpolation arguments, it suffices to show the case p = 1. Since 
G is not translation invariant, exp(2V^)(l + has no convolution kernel. 

To prove the case p = 1 we show that this operator has an integral kernel K such 
that exp(i\/G)(l + G')~"/2/(x, n) = / K{x' ,u' ,x,u) f{x',u') d{x',u') for every 
fey and that 

\\K{x',u', -, OIUidR^) (0.5) 

is uniformly bounded for \x'\ < G and u' G R. 

As we have mentioned before, due to the lack of translation invariance, the 
behavior of a wave highly depends on its starting point. For waves starting near 
the axis x' = 0, we use ideas of Miiller and Stein and adapt them to our situation. 
For waves starting far away form the axis x' = 0, it should be possible to reduce by 
scaling arguments to the results by Seeger, Sogge and Stein for elliptic operators. 
For this case we only present the general idea and do not go into the details. 

It turns out that the most crucial part, but also the most interesting part, of 
the proof is the case when waves start near, but not exactly on the axis x' = 0. 
For waves starting at x' = the methods of Miiller and Stein work very well, 
but as soon as the starting point is a little bit away from x' = matters become 
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a lot more difficult. A sketch of the proof of Theorem [2] will be given in Chapter 
2. 

Before we start to prove Theorem [21 we have to calculate the integral kernel 
of exp(iv^)(l + G)""/^ in a very explicit way. 

Peter C. Greiner, David Holcman and Yakar Kannai derived in [S] formu- 
las for the distribution kernel of sin{t\/G)G~^^'^ . We do not use their formulas 

for two reasons. First, we are interested in the "smoothed" wave propagators 
cos(tyG)(l + G)-"/2 sin(tyG)G-i/2(l+G)-"/2 ^^gp^ exp(iVG)(l + G)-"/^ 

instead of sin 

The second reason is that Greiner, Holcman and Kannai identify with C 
and their formulas involve contour integrals. This representation seems not to 
be explicitly enough to show wave estimates, or, it is not clearly evident how 
to use them. Moreover, we do not know how to get similar formulas for higher 
dimensional Grusin operators by this approach. Though we prove wave estimates 
only for the two dimensional case, our method of calculating the integral kernel 
of exp(z-\/G)(l + G)~"''^ can also be used, in principle, for the higher dimensional 
case. 

We use a trick that was used beforehand by Miiller and Stein for the sub- 
Laplacian L on Hm- G can be written as {iU){—iGU~^) and hence one can derive 
formulas for the integral kernel of exp(z-\/G)(l + by using the functional 

calculus oiiU and the functional calculus of —iGU~^. The calculus for —iLU~^, 
L instead of G, has been studied by Robert S. Strichartz in [2H]- We adapt his 
methods to our situation and calculate m{—iGU~^), for a bounded Borel function 
m. This gives us a representation of the integral kernel of exp 
that can be handled by oscillatory integral methods. 

0.3 Organization of this thesis 

In Chapter 1, Section 1.1, we define the Grusin operator and the sub-Laplacian 
L on the Heisenberg group H^. 

The Grusin operator is the image of L under a certain representation of the 
polarized Heisenberg group of dimension 3. Therefore, transference methods are 
applicable. We show that for G a weak multiplier theorem holds. This will be 
done in Section 2. 

The next section. Section 1.3, is devoted to the study of the underlying geom- 
etry of our problem. We give explicit formulas for geodesies belonging to optimal 
control metric associated to G. This, together with a result by Richard Melrose 
[T3] , allows us to estimate the speed of propagation of our waves. At the end of 
this section, we present figures of geodesies and balls belonging to the optimal 
control metric associated to G, and a figure of the sphere in the optimal control 
metric associated to L. 
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In Chapter 2, we state our main theorem and a conjecture for higher di- 
mensional Grusin operators. Moreover, we give a short sketch of the proof of 
Theorem O 

In Chapter 3, we study the joint functional calculus for iU = idu and 
G. Since G can be written as {iU){—iGU~^), we are especially interested in 
'm{—iGU~^), where m is a bounded Borel function. 

The functional calculus for —iLU~^, L instead of G, has been studied by 
Strichartz [28]. Strichartz derived explicit formulas for joint eigenfunctions (px^n 
associated to the eigenvalues A of L and the eigenvalues eA/(l + 2n) of ill. 
He showed that the operators m{—iLU^^), m a bounded Borel function, can 
be written as a sum over certain generalized projection operators asso- 
ciated to rays of the Heisenberg fan. Formally is the convolution opera- 
tor with kernel / 0A,n d^- We adapt these ideas to our situation. Since G is 
not translation invariant, the corresponding projection operators Vn,e are no 
longer convolution operators. But they are still L2-bounded singular integral 
operators. For a bounded Borel function m, we get the spectral decomposition 
m{-zGU-')f = Ee=±iE:Lo'^(<2n+ 1)) 

In Chapter 4, we show that it suffices to prove the theorem for p = 1. Let 
K denote the integral kernel of exp(i\/G){l + G)^"/^. To prove the theorem, we 
show that 

\\K{x',u', -, OIUhr^) (0-6) 

is uniformly bounded for \x'\ < C and u' G R.. Since G is translation invariant 
with respect to u, we only have to consider the case u' = 0. We formally show 
how one can use scaling arguments and the result by Seeger, Sogge and Stein for 
elliptic operators, to proof that (10.61) is also true for large x'. 

Furthermore, instead of estimating exp(i\/G){l+G)^"^'^, we are allowed to es- 
timate := r]{G) exp(2yG), where ?7 is a smooth function supported 
away from the origin. In addition we show, due to the finite speed of propagation 
of our waves, that it suffices to show that the integral kernel Khc(G){x' ,0, ■ , ■ ) 
of h°'{G) is in Li{Bg{{x', 0), G), where Bg{{x', 0), G) is a ball with respect to the 
optimal control metric associated to G centered in {x', 0) with radius G and G a 
constant. 

In Chapter 5, we use a dyadic decomposition of the joint spectrum of G and 
ill to decompose the integral kernel Kha(^Q-^ in dyadic parts K^j . The proof of the 
theorem is then reduced to showing that sup|^/|<;^ \\Kkj{x', 0, ■ , ■ )\\Li{Bci(x',o),c)) 
is summable in j and k. We derive explicit formulas for these dyadic parts by 
using the projection operators Vn,e we have defined in Chapter 3. Furthermore, 
we introduce new coordinates. 
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In Chapter 6, we show the desired Li-estimates for the integral kernels K^j. 
0.4 Acknowledgements 

Foremost, I would like to express my gratitude to my advisor Professor Dr. Detlef 
Miiller for constant support and numberless helpful suggestions. 

I am grateful for the financial support of the Graduiertenkolleg 357 " Effiziente 
Algorithmen und Mehrskalenmethoden" of the Deutsche Forschungsgemeinschaft 
(DFG). 

Moreover, I owe thanks to my officemates Martin Hemke, Jorn Peter and 
Heike Siebert for encouragement. Last but not least I would like to thank my 
parents, my brother and friends for having been there, whenever I needed them. 



10 



1 PRELIMINARIES 



1 Preliminaries 

1.1 Remarks about integral kernels 

We know that if A : Lp(R^) Lq(R^), 1 < p, g < oo is a translation invariant 
operator, then there exists a distribution u G c5^'(IR^) with Af = f * u for all 
/ G S^(R'^). Furthermore, if u is in Li(R^) then the operator y C°°, f i— f*u 
extends to a bounded operator on Li. (In fact, we know that this operator extends 
to a bounded operator on Li if and only if u is a finite Borel measure.) 

Since the operator of interest G = —{dj^ + x'^du^) is not translation invariant, 
most of the operators we study in this work do not have a convolution kernel. 
Though by the Schwartz kernel theorem, we know that for every continuous 
linear map A : C(j"(R^) — > D'(R^) there exists a distribution K such that 

< A(I),^Ij >= K{ij(g)(f)), (1.1) 

where ip ® (p denotes the tensor product of iIj and 0. We designate K as the 
distribution kernel of A. 

If i^' is a measurable function such that for every / G ^ 

Af{x) = J K{x',x) f{x') dx', 

we say that K is the integral kernel of A. If we consider more than one operator, 
we usually denote the integral kernel of an operator A by K^- We also write 

Ka{x', ■ ) = AScc', 



where 6x' denotes the Dirac measure at the point x'. 
Given such an A and K we assume now that 

sup / \K{x',x)\dx and sup / \K(x',x)\dx' 

x' J X J 

are bounded. By Schur's test, A is bounded on Lp for 1 < p < oo. For the 
Li-boundedness, we only need that sup^/ / \K{x',x) \ dx is bounded. 

Definition. Let A be an operator with measurable integral kernel K{x',x) such 
that 



A{f){x)= j K{x',x) f{x')dx', (1.2) 
for all / G We define the Schur norm of denoted by ||i^ ||5c/i«rj by 



I Schur • 



sup / \K{x', x) \ dx. 

x' J 



1.2 The Grusin operator and the sub-Laplacian on H, 
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In the following, we only use the phrases " K has bounded Schur norm" or 
"the kernels Kt have bounded Schur norms, uniformly for t G /" if {Kt)t is a 
family of kernels and there exists a constant G such that H/i'tllsc/inr < G for all 
t in an interval /. 

Thus an operator A with integral kernel K such that K has bounded Schur 
norm is bounded on Li. 

1.2 The Grusin operator and the sub-Laplacian on 

The Grusin operator 

Let n G IN. We define the Grusin operator Gn on W^^^ by 

G„:=-(A.. + |xpa„2) 

Gn is positive and essentially selfadjoint on C^(]R"+^). Though this operator 
is not elliptic for x = 0, it is still a hypoelliptic operator, since it fulfills the 
Hormander condition. G is one of the easiest Hormander type operators. 

V. V. Grusin studied in 1970 (see [9]) a class of operators that is not con- 
tained in the class of Hormander type operators. He gave sufficient and necessary 
condition for operators in this class to be hypoelliptic. The Grusin operator is a 
prototype of these operators. 

This work will be restricted to the case n = 1. Therefore, we define 

G '.= G\. 

For every r > 0, we define the dilation 5r on by 

5r{x,u) := [rx.r'^u). (1.3) 
Then for every suitable / and r > 0, 

G{fo5r){x,u)=r\Gf)o5r{x,u) 
holds. Hence G is homogenous of degree 2 with respect to 5r- 

The Heisenberg group and the sub-Laplacian 

Let denote the Heisenberg group, which is R^™ x R endowed with the group 
law 

(x, y, u) ■ (x , y\ u) := {x + x',y + y', u + u + ^uj{{x, y), (x', y'))) 

for X, y, x', y' G R", u, u' G R, where ui is the canonical symplectic form 
cu((x, y), (x', y')) := X -y' - x' -y, x, y, x', y' G R" 
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on R^". Hm is a connected, simply connected and nilpotent Lie group. 

The Lebesgue measure on the Euchdean space R^""*"^ is a bi-invariant Haar 
measure on Hm- The convolution of two functions /, G Li(Hm) is defined by 



(/ * 9){x, y,u) = J f{x', y', u') g{{x', y\ u') (x, y, u)) d{x\ y\ u'). 

The dilation 5^ : (x, y, u) ^ (rx, ry, r'^u) is an automorphism of Hm for every 
r > 0. The vector fields 

1 1 

Xj := d^^ - -yjdu, Yj := dy^ + -Xj9„, U := (9„ 

form a natural basis for the Lie algebra f)^ of left-invariant vector fields with 
commutator relations 

[Xj,Yk] = Sk,jUj, 

[X,, X,] = ¥,] = [X,, U] = U] = 0. 



We define now the sub-Laplacian on by 



;i-4) 



Explicitly L is given by 



L = -A^^y + x-dy-y-d^+-\{x,y)\ du ■ 

L is positive, essentially selfadjoint and homogenous with respect to 5^. More- 
over, L is non-elliptic, but hypoelliptic, since the Hormander condition is fulfilled. 

Another common way of writing is as a set of matrices 

{A{j,,q,v)- p, geR", veR} 

with 

/ 1 pi ... Pn V \ 

1 qi 



A{p,q,v) 







V 



1 Qn 
1 



and endowed with the usual matrix product. By identifying A{p,q,v) with 
{p, q, v), we get a group on R^" x R with group law 



(p, g, v) ■ {p\ q', v') = {p + p\q + q' , v + v' +p-q). 



1.2 The Grusin operator and the sub-Laplacian on H, 
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This group is called the polarized Heisenberg group and we denote it by Hm- H„ 
is isomorphic to by 

^' : Hi Hi, (x, y, u) h-^ (p, g, v) = {x,y,u + x- y/2) 

with inverse transformation 

^"^ : Hi Hi, {p, q, v) (x, y, u) = {p,q,v - p - q/2). 

A basis of the Lie algebra is given by 

Pj := dp^, Qj := dq^ + pjdy, V := dy 

and the sub-Laplacian on this group is 



For more information about the Heisenberg group we refer to Stein [27] and 
Taylor [30]. 



L^-estimates for the wave equation on the Heisenberg group 

In analogy to the Cauchy problem for the wave equation on Euclidean space, we 
consider the following Cauchy problem on H^ x R. 

d'^v „ dv . 

— + L. = 0, .U = /, -Q-t^t.o = 9. 

Since the work of Miiller and Stein about Lp-estimates for solutions of this 
Cauchy problem is the starting point of this work, we want to state its main 
result once again. 

D. Miiller and E. M. Stein established in [TH] the following estimates. 



Theorem. (D. Miiller, E. M. Stein (1999)) Let d := 2m + l denote the topo- 
logical dimension of Mm. For every t>0,l<p<oo and a > (ci — l)|l/p — 1/2| 
there exists a constant C^ ^ such that for all f and g in y the estimates 



cos 



and 



hold. 



(1 + L)"/2 
sin(tV^) 



/ 



Lp(IH„i) 



< C'p,ill/IUp(Hm)) 



L(l + L)(°-i)/2 



^ C'pt||5f||Lj,(H^), 
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By a standard interpolation argument and since L is homogeneous with re- 
spect to 6^, it suffices to prove the theorem for p = 1 and t = 1. In fact, Miiller 
and Stein showed that the operator exp(i\/L)(l + L)~"/^ extends to a bounded 
operator on Li(Hm,), when a > m. For this purpose, they showed that the cor- 
responding convolution kernel belongs to Li{Mm). 

The proof of this theorem is strongly involved in the proof of our Theorem [21 
One reason for this is that G is the image of L under a certain representation of 
the polarized Heisenberg group Hi. 

1.3 Transference 

In this section, we denote the polarized Heisenberg group Hi by Q with elements 
9 ^ G 1 9 = {Pi v). The Lie algebra of Q we denote by g. Define 

P:=dp, Q:=dg + pd,„ V:=d,. (1.5) 

The sub-Laplacian is now given by L = — (P^ + Q^). 

Let () denote the smallest subalgebra of q with Q G f). With exp^ : Q ^ Q 
denoting the exponential function, we define now 

n := exp([)) c g. 

For every / : ^ — > C we put 

11/11..^:= (1 \f{p,0,v)\'dpdv 

and we define 

^ ■■= {/; \\f\U < oo and f{hg) = f{g) W{g,h)egx H}. 

Jif is a Hilbert space with norm || ■ ||^. We denote the set of unitary operators 
on by W(jr). 

TT : g^u{j^), 

H9)fm:=f\hg) 

defines an unitary representation vr of ^ with representation space M'. We denote 
the associative algebra of left-invariant differential operators with C°°-coefficients 
by ^i{g)- dn denotes the representation of ^e{G) derived from vr. Then 

dir^P) = dp, dn^Q) = p dy, 



and hence 



d7r{L) = -{dp^ +p^dy^). 



(1.6) 



1.3 Transference 
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Thus the Grusin operator G is the image of L under dir. 

For m G Coo(IEl~''), the operator m{L), defined by the functional calculus 
for L, is contained in the C*-algebra C*{Q). We denote the ^-representation of 
C*{Q) which corresponds to vr again by vr. If m G then we know by a result 
of Hulanicki [12] that 

m(L)/ = /*M, 

with M G y{G). Now, let m G Coo(Il'^). If we assume that m{L) is given by 
m{L)f = f *M with M G Li{G), we have 



TT 



XL)) = / M{x) 7r(x) dx. 



IQ 



Furthermore, we have that the functional calculus commutes with the represen- 
tation TT, i.e. 

7r(m(L)) = m{dTx{L)). 

For a proof see e.g. Proposition 1.1 in [T3] . 

These facts allow us to compute the integral kernel Mq of m{G) by using the 
convolution kernel Ml of m{L), provided Ml is in Li{Q). 

Proposition 1.1. Let m G Coo(lEl''') such that the operator m{L) has a convolu- 
tion kernel Ml G Li{Q). Then for every f G t5^(R^) 

[m{G) f]{p, v) = Ml{p — p, q', v — v — pq) dq' f{p, v) dp dv' 



holds. 

Proof. Let fe J^ny, g := {p, q, v) G Q. Then 



[nim{L))f]ig) = J Ml{x) f{gx) dx 

MlUp, q, vy\p\ q\ v')) dq' f{p' , 0, v') dp' dv' 
Ml{p' — p, q' — q,v' — V + p{q — q')) dq f{p', 0, v') dp dv' 
Ml{p' — p, q', v' — V — pq') dq' f{p', 0, v') dp' dv'. 
Since m{G) = m(7r(L)) = 7r(m(L)), we finally get for / G =5^(R^) 

[m{G) f]{p, v) = Ml{p' — p, q', v' — v — pq') dq f{p', v') dp dv'. 



□ 
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By this observation and the Fubini theorem, we deduce the following corollary. 

Corollary 1.2. Letm G Coo(lEl>o) such that the operator m{L) has a convolution 
kernel Ml G Li{Q). Then m{G) is bounded on Li(lEl^) and has an integral kernel 
Mg with hounded Schur norm. Furthermore, \\MG\\schur = 

Remark. In the coordinates {x,y,u) of the Heisenberg group Hi, and with 
L = -{X^ + y2) and G = -{d^^ + x^du^), we get 

[m{G)f]{x, u) = j Ml{x' - X, y', u' - u - {x + x')y'/2) dy' f{x', u') dx' du' . 

o 

From the wave estimates for the Heisenberg group by Miiller and Stein (see 
the last part of Section [1.21) . we know that the convolution kernel M£ of the 
operator m"(L) := exp(iA/L)(l + L)""/^ lies in Li(Hi), for a > {d — l)/2 and 
with d = ?) the topological dimension of Hi. Hence we obtain that the operator 
exp(2yG)(l + G')-"/2 is bounded in Li(R2) for a > 1. 

Comparing this result with our result in Theorem [21 for p = 1, we see that 
by this approach we miss half a derivative. One can show that the g'-integral 

j M1{p' - p,q\v' - V - pq') dq 

is an oscillatory integral and hence one can hope to get this missing half a deriva- 
tive by using the method of stationary phase. Miiller and Stein derived an explicit 
formula for M£ as a one dimensional oscillatory integral. So, by using Proposi- 
tion 11.11 we end up with a two dimensional oscillatory integral. Unfortunately, 
this integral turned out to be very complicated. Hence we do not use this repre- 
sentation of the integral kernel of exp(z-\/G)(l + for the proof of Theorem 

El 

Nevertheless, Corollary 11.21 is very useful to show that a weak multiplier 
theorem for G holds. We use this multiplier theorem in the proof of Theorem El 

A weak multiplier theorem for G 

Proposition 1.3. (Multipliers for G) Suppose ip G G^{K'^), with k assumed 
to he sufficiently large. If tp satisfies the inequalities 

f \edMO\<e^' , /ora//0<^<l, 
I I < r'/' , /or a// 1 < e < oo, 

for < £ < k, then the integral kernel of ip{G) has hounded Schur norm. 



1.4 The optimal control metric associated to G 
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Proof. Miiller and Stein showed in [19], Section 1.1 that under these conditions 
for ip the convolution kernel of ip{L) is in Li(Hi). By Corollary II. 2^ the integra- 
bility of the kernel of ip{L) implies the boundedness of the Schur norm of the 
integral kernel of ip{G). □ 

The fact that G is an image of L under a representation of Hi implies much more 
than we have stated here. In general, let A be an operator on a well-behaved 
group and vr a representation of this group. The process of getting information 
for the operator 7i{A) from properties of A is often called "transference method". 
Several people have worked on this subject. We refer here to a paper by Ronald 
R. Coifman and Guido Weiss [2]. 



1.4 The optimal control metric associated to G 

In this section we study the optimal control metric of G. The definition for 
optimal control metrics resp. Carnot-Caratheodory metrics we have taken from 
the paper [29] by Strichartz. 

Let M be a connected G°° manifold, Xi, . . . ,Xm smooth real vector fields 
on M. Let x G M and v G T^M. If v is in the linear span of the vector fields 
Xi{x), . . . , Xmix) we define 

Ml := inf{e? + ■ ■ ■ + d; ^1^1 (a;) + " " " + UXmi^) = v}. 
If V is not in the linear span of Xi{x), . . . , Xm[x) we define 

ll^llx := oo- 

Let I be an interval and 7 : / — M be a piecewise C^-curve. We call 7 admissible, 
if ||7(t)||7(t) < 00 for all tel. 

We assume now that 7 is admissible and / = [0, 1]. Set 

^(7):= / \m)\\,(t) dt. 

Jo 

The Carnot-Caratheodory metric associated to the vector fields Xi, . . . ,Xm on 
M we define by 

dccix,y) := inf{L(7); 7(0) = x, 7(1) = |/, 7 regular}. 

Now let A := —{YlT=i-^I)- If ^ is a Hormander type operator, then we define 
the optimal control metric dA associated to A by c/^ := dec-, where dec is the 
Carnot-Caratheodory metric associated to the vector fields Xi, . . . ,Xm- In [13] 
this metric is called A-distance. 
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Now let M := and define vector fields Xi and X2 by 



X 



1 '■— — 



(1,0) X2:=x,d, 



(0,xi). 



Then [Xi,X2] = d^^ = (0,1). The Carnot-Caratheodory distance dec to these 
vector fields is the optimal control metric of our operator G = —{Xf + X|). 

Let g^^{x) = 1, g^'^{x) = x\ and g^'^{x) = g'^^{x) = 0. The Riemannian metric 
gjk, if there were one, ought to be the inverse of the metric g^'', which does not 
exists, g^'^ is often called sub-Riemannian metric. 

Here we are interested in balls -Bg((xi, X2), -R), belonging to this metric, of 
radius R and centered at (xi,X2). Especially we like to show that 



with some constant c and B{x, R) the ball with respect to the Euclidean metric 
on R of radius R and centered at x. To show this we study geodesies. 

Let X, y G M. We want to find an admissible curve 7 = (7-^, 7^) with 7(0) = x, 
7(1) = y and dcix, y) = L{^). We can assume that ||7(^)|l7(t) is constant. To find 
this curve we have to minimize ||7(^)|l7(t) dt with 7(0) = x and 7(1) = y. 
Instead of minimizing this integral, we are allowed to minimize 



with 7(0) = x, 7(1) = y. The minimizer is a solution of the Euler-Lagrange 
equations 



Bg{{xi,X2),R) C B{xi,cR) X B{x2,a 



■R{R+\x,\)), 




7 



1 + 








(7^) 



constant. 



(1.7) 



For 7(0) = (0, 0) these equations have the solutions 




6,c e R 



Pc{t) := {ct,0), ceR. 



For (ic-Balls centered in the origin we obtain essentially 



BGiO,R) ~ {{xi,X2); \x,\ < R, \x2\ < R^}. 



These calculations have also been done by Greiner, Holcman and Kannai in [8] 



1.4 The optimal control metric associated to G 
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With some more calculus, we get also formulas for 7(0) = {xi, 0). Define 
7^ := Cism{bt)/b + C2 cos (bt) /b, 

with ci,C2,b,d G R. All solutions of (11.71) are of one of these forms, or given by 
/3c. 

Since 7(0) should be (xi, 0) we choose C2 = xib and d = 0. Thus by defining 

7b,ci •= Ci sm{bt)/b + xi cos{bt), 
r, /t sm(2bt)\ xiCi , r,/t sin(26t)\ 

the function 7fe,ci(^) : [0,1] ^ H^, t ^-^ (7bci(^)' 7feci('^)) part of a geodesic 
starting in (xi, 0) of length a/c^ + xffe^. For every Ci G R, there exists a c > \xib\ 
and an e G {+1, 1} such that Ci = ca/c^ — Define 



76 ce •= ~ ^1^^ sin(6t)/6 + xi cos(6t). 



2 



76, 



Now the function ^b,c,e(t) '■ [0,1] ^ R^, t ^ (76,c,e(^); 76,ci,e(^)) is part of a 
geodesic starting in (xi, 0) of length c. 

An easy calculation shows, that we can write the components of 76,c,e in the 
following form 



7^^^ = e\xib\\ (?l {xfb'^) — 1 sm{bt)/b + Xi cos{bt), 



1 



7b,c,e nl. ^ 



cH 2sin(26t) / ^ ~ . 2sin(26t) 



26 462 



I ( 

+ exi|xi| W c^/ (xffe^) _ 1 sin^(6t) + xf- 



With this information it is not difficult to show that there exists a constant 
c with 

5g((xi, 0), 1) C 5(xi, c) X 5(0, c(l + IxiD). 

To prove this we have to study the functions 76,i,e. We can restrict to |xip > C, 
with C > 1 a sufficiently large constant and hence \b\ < l/|xi| < 1/C is 
small. Therefore, sin(26t)/(2fe2) — t/b < 1 and x^sin(26t) < |xi|. Now, we get 
for l/{b'^x1) > 2 by the Taylor expansion of the sine function 



sm{bt)\xi\-\Jb "^Xi^ — 1\ < 1, I sii)? {bt)x\\J b '^x^ 



II < 1. 
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And for l/{b'^x1) < 2 we get the same estimates. Hence 

hliA^) - xil < 1 and |7M,e(^)l < 1 + 

for all t < 1. Since G = —Xf — X| is homogeneous with respect to the auto- 
morphic dilation 6r and translation invariant with respect to the variable X2 we 
get 

Bg{{xuX2),R) C B{xi,cR) X B{x2,cR{R+\xi\)). 

We now want to use our previous notation. We denote the first variable by x 
and the second by u. Then G = —{dj^ + x'^du^) and we have proven the following 
proposition. 

Proposition 1.4. Let Bg{{x,u), R) denote the ball with respect to the optimal 
control metric associated to G, centered in {x,u) and with radius R e R"*". There 
exists a constant c such that for all a;, n G R and R G R"*" 

Bg{{x,u),R) C B{x,cR) X B{u,cR{R+\x\)) 

holds. 

This proposition allows us to make a statement about the speed of propaga- 
tion of our wave. 

Proposition 1.5. (Finite wave propagation speed) Let Kt denote the dis- 
tribution kernel of cos{t\/G). There exists a constant such that 

su-pp Kt C {{x',u',x,u)] {x,u) G B{x',%t) x B{u,%t{t+ \x'\))}. (1.8) 



Proof. This assertion follows by Proposition 11.41 and since 

supp Kt C {{x',u',x,u); (x,m) G BgHx' ,u'),t)}, 



which was shown by Melrose in [To]. In fact, Melrose showed that this is true 
for an arbitrary positive selfadjoint differential operator of second order on a 
compact manifold. The compactness is not essential here, since the operator G is 
homogeneous with respect to 6r and hence we have to show (11.81) only for small 
t. □ 

Remark. A formal proof of (II. 8p can also be obtained in the following way. 
The support of the distribution cos{t^/L)So is contained in B^, where Bf^ denotes 
the ball with respect to the optimal control metric associated to L on Hi, centered 
in and with radius t. There exists a constant C > 1 such that 

C {{z,t) G Hi; l^l < Gt, \u\ < CV}. 



1.4 The optimal control metric associated to G 
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Let -ft'cos(tVI) denote the distribution kernel of cos(tV^)- Formally, 

Kt{x',u',x,u) = j K^^^^^^-^{x' - x,y' ,u - u - {x + x')y'/2) dy'. 

Observe that \x' — x|, \y'\ < Ct and \u' — u\ > 2C^t{t + implies 

\u'-u-{x + x)y'/2\ >\u'-u\-\{x + x)y'/2\ > 3C¥/2 > CH^. 

Hence, if -ft'cos{tv^) would be integrable, the assertion fll.Sp would follow immedi- 
ately. Unfortunately, -f^cos(tv^) ^'^^ integrable and so this second proof is only 
formally true. 

o 

To get an impression how the geometry looks like, we now want to show some 
figures. Define 

Sg{x', u') := {(x, u); dcHx', u'), (x, u)) = 1}. 




Figure 1 shows geodesies starting in the origin. Figure 2 shows the sphere 
>S'g(0,0). It has a highly complicated structure. Remarkable is that it has an 
inner structure consisting of infinitely many edges tending to the origin. This a 
tribute to the non-ellipticity of G in 0. The sphere is symmetric with respect to 
the axis x = 0. 
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2 




Figure 3 shows the sphere Sg{x',0), where x' = 0.1. Figure 4 is an enlargement 
of Figure 3 near the point (0.1,0). The inner structure is given by only finitely 
many edges. 5'g(0.1,0) is, in contrast to 5*0(0,0), not symmetric with respect to 
any axis x = c. 




15 20 



Figure 5. 



Figure 6. 



1.4 The optimal control metric associated to G 
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Figure 5 shows the sphere 5^(0.5,0). The sphere ^^(a;, 0) in figure 6 is given 
for X = 10 and is nearly an eUipsoid with elongation comparable to |x| in the 
M-direction and elongation comparable to 1 in the x-direction. Near this sphere 
the operator G is elliptic. 




Figure 7. 

Figure 7 shows the sphere belonging to the optimal control metric of the sub- 
Laplacian L on the Heisenberg group Hi. We get this picture by rotating the 
sphere in figure 2 around the axis x = 0. This refiects the fact that G is the 
image of L under the representation vr given in the previous section. 
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If we consider the Cauchy problem 

-Av = 0, v\t=o = f, ^\t=o = 9, 



dt^ ' " dt 

for the usual wave equation, then the solution v is given by 

v{t, x) = f * Qtix) + g* Ptix), 

where the wave propagators Qt, Pt are distributions with 

singsuppQt = singsuppPt = S'*(0) = {x G IR'^; |x| = t}. 

For our wave equation we get a similar result. If we denote the distribution kernel 
of cos(tv^) and sui{t\fG) / \fG by Qt and Pt respectively, we have 

singsuppQf = singsupp Pt ^ {{x\u\x,u) E R^; dc{{x\u), (x, m)) = t). 

This has been proven by Melrose in [T3] . 



Therefore, for given x', the set Sx' '■= 5'g(x',0) in R^, shown in the figures 2 
to 6 has the property that (singsupp Qi) H ((x',0) x R^) C (x',0) x Sx'- 

In the introduction, we mentioned that the most crucial part of the proof of 
Theorem [2] is the case when waves start near, but not exactly on the axis x = 0. 
Now, since we know the underlying geometry better, we want to pick up this 
subject once more. 

First we thought that estimating waves starting in the origin should be most 
difficult, since G is not elliptic in (0,0). Though, by comparing figure 2 and 
figure 7 one can see that this situation is very similar to the situation on the 
Heisenberg group. By a slightly modification of the methods of Miiller and Stein 
we can prove that the integral kernel oiexp{i\/G){l + G)~'^/'^5[x'fi) lies in Li(R^). 

Waves starting in (x', 0) with x' very far away from behave like waves for 
an elliptic operator, as one can see in figure 6. Therefore, this case should also 
be not very difficult. We do not consider this case in detail. 

The most difficult case is when < |x'| < c, where c is a small constant. A 
reason for this is that in this case the set Sx' has a highly complex structure, 
as one can see in figures 3 and 4. Especially the lack of symmetry, which we 
have for 5*0, causes that explicit formulas for exp(?v^)(l +G)~°'/'^5i^x' ,0) are very 
complicated. 
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2 The main theorem and a conjecture 

Since we now have the fundamentals, we want to present the main theorem one 
more time. Furthermore, we state a conjecture for higher dimensional Grusin 
operators, and give a short sketch of the proof of our theorem. 

The main theorem of this thesis reads as follows. Put S^g^ := {{x,u) G 
\x\ < ^i}. 

Theorem 1. For every > 0, t > 0, 1 < p < oo and a > \l/p — 1/2| there 
exists a constant C^^ such that for all f in with supp / C S^g^ the estimates 



cos 



and 



hold. 



(1 + 

sin(tyG) 



/ 



< ct 



t,'gl 



Lp(R2), 



/ 



Lp{ia2) 



For higher dimensional Grusin operators Gn we conjecture that the following 
holds. 



Conjecture. Let d := n + 1 denote the topological dimension. For every '^i > 0, 
t > 0, 1 < p < oo and a > {d — l)\l/p — 1/2| there exists a constant C^^c^^ such 
that for all f in 5^ with supp / C S^g-^ the estimates 



cos(t\/G^) 



and 



hold. 



(1 + 

sm{ty^) 



f 



/ 



Many our technics we use for the proof of Theorem [T] are also applicable in 
the higher dimensional case. Our computations for this case so far give rise to 
the hope that the conjecture is really true, but we have not gone into the details 
yet. 

Instead of Theorem [T] we show the following. 

Theorem 2. Let^i > 0, 1 < p < oo. The operator exp(i^/G){l+G)~°'^'^ extends 
to a bounded operator from Lp{S^g^) to Lp(Ii^) for a > \l/p — 1/2|. 
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2 THE MAIN THEOREM AND A CONJECTURE 



The restriction to time t = 1 is not essential, since G is homogenous 
with respect to the dilation 6r '■ {x,u) {rx,r'^u), r > 0, and hence one 
can deduce the case t 7^ 1 by the case t = 1. As we mentioned before, 
the assertion for cos{VG){1 + follows immediately. For the operator 

sin(tVG)G-V2(i + G')-("-i)/2, 

we use that it suffices to show the assertion for 
r]{G) sin(t\/G)G-i/2(--(a-i)/2^ ^Yiere ?7 is a smooth function supported away from 
the origin (see Proposition 14.11 in Section IT^ . 

We simplify our notation by defining 

m"(G) := exp(iVG)(l 

Furthermore, we fix a constant ^1 > 0. 

Throughout our calculations it turned out that it is very useful to compare 
our results and formulas with the results and formulas that have been derived 
by Miiller and Stein. The topological dimension of the Heisenberg group Hm is 
2m + 1 and the critical index a{d,p) = 2m\l/p — 1/2| is m, for p = 1. In our 
work the dimension of can be written as 2x1/2 + 1 and the critical index 
a{d,p) = \l/p — 1/2| is 1/2, for p = 1. Therefore, we set m to be equal to 1/2, 

m := 1/2. 

In Remarks we consider formulas for L on and only there we take m to be 
in If A is some term with respect to G, we denote the corresponding term for 
L on by A^. 

A short sketch of the proof of Theorem [2] 

By standard interpolation arguments, it suffices to prove the case p = 1, hence 
we show that for all a > 1/2 the integral kernel of m'^{G) has bounded Schur 
norm. We can restrict to high frequencies in the spectrum of G, and instead of 
m"(G) we are allowed to study the operator h°'{G), with 

and ?7Ar smooth and supported in G R"^; ^ > N}. 

Let Xb{x',u',x,u) := 1 for all (x, u) G 5(x',2^o) x 5(n',2^o(2 + and 
otherwise. By using the finite speed of propagation (see Proposition 11.81) . it 
suffices to show that the integral kernel ^'^-^'^."(g) has bounded Schur norm. 
This is Proposition 14. 1[ 

In the next chapter we present an idea how one can proof our result also in 
the case that / is not supported in a strip Sc- This idea reads as follows. By 
scaling in m, we can transform G into the operator G := —d^ — x"^ /x''^d^. Now 
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let x' » 1. On the set |x — x'| < 1, m G R the operator G is elhptic and just a 
smooth perturbation of the Laplacian. Hence it should be possible to use Fourier 
integral operator methods to obtain estimates for solutions to the wave equation 
dt^ + G (see Seeger, Sogge, Stein [23]). From these estimates one would get that 

sup \\Kh'^(^G){x',u', ■ , ■ )||i, 

\x'\>C,u'(^U 

is bounded, where C is a constant. 

We exchange by a smooth variant Xb of Xb- Let Q := S'^-^^ . The proof of 
the theorem is then reduced to showing that the operator 

is bounded from Lp{Q) to Lp(R^), for every 1 < p < oo. This is Proposition 14.51 
G and ill are strongly commuting operators. Their joint spectrum is the 
closure of the union of rays 

^n,e ■■= |(eA,r); r = {2n + l)X, A > o|, e := ±1, n G INq. 

By a dyadic decomposition of the joint spectrum, we write h°'{G) as a sum of 
operators H^ -, G Z, j G INq, e = ±1, where H^ - is given by 



with 7;;(A) := X2k-j{^\) eV(2"+i)|A|^ := X{2-^ ■ ) and X2k-j := X{2~^''+^ ■ ) 
cut off functions and the spectral projection operator that corresponds to the 
ray ^n,e in the joint spectrum. These projection operators and especially their 
integral kernels we study in Chapter [3l If we denote the integral kernel of the 
operator H^. ^ by p then away from the diagonal j is given by 

ir^,^.(x',0,x,n) = ^^A',(2n + l) / P^(x',0,x,n-s)$^„(s)ds, (2.1) 



where is the integral kernel of the projection operator V^, and $^ ^ is given by 
an oscillatory integral. We can reduce to the case e = 1. By the method of station- 
ary phase, ^Ij^n is roughly given by 2^^/'^~^ f{^J{m + n) / {2'^^-^)s~^) e*('"+")/'', 
with / G C^(R), supported away from the origin. Now we choose a to be the 
critical index m = 1/2. To prove the theorem, it suffices to show that for every 
e > there exists a constant with 

sup V \\XbKI^{x\Q, ■ , ■ )|U, < a T\ (2.2) 
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2 THE MAIN THEOREM AND A CONJECTURE 



Because, having this assertion allows us to sum over all k, which gives us the 
desired result for h°'{G). That the assertion (12.21) is true is stated in Proposition 

For the proof of Proposition 15.31 we use many technical lemmata. Though, 
there are two main observations that we want to mention. The first thing we 
need is an explicit formula for P^. In Chapter [3] we derive 

P„,(x',0,x,n/2) = C [g„-Q„_2], 

with 

_ " r(f + m + 1) r(n - £ + m + 1) (x^ + x'' - luT'^ 

i'o r(^+l) T{n-i + l) (a;2 + x'2 + m)"/2+m+i 

and a depending on x, x' and u. Careful examinations rends that Qn. behaves 
like the sum of two terms of the form 

^ ^ (x^ + x" - tur/' 



Remark. On the Heisenberg group Mm, Miiller, Stein and Strichartz de- 
rived similar formulas. The corresponding convolution kernel is given by 

p^ = Cmm- - Q^-,] with 

Observe that ~ n™'. 

n! 

O 

For x' = 0, the factor e**^ is equal to i and hence |1 — e~*2°"| is just 2. Roughly 
we get 

This coincidence allows us to use many methods that were used by Miiller and 
Stein in their proof. Unfortunately, matters become very difficult when we choose 
x' away from 0. 

The second important observation we use is the following. By using our for- 
mulas we derived for Qn, and after some scaling, we see that the integral in 
(12. ip is an oscillatory integral with phase function s (f{s) + 2^~^ / s, where ip 
is roughly given by 

/ Rw — 2xxi (u — t 



ip{s) = arctan 



\2Rxxi + (u — s)w 
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By 

{R^ + {u- sf)w 
2Rxxi + {u — 

we define new coordinates such that ip{s) = arctan(X) and dsip{s) = X/Y. For 
Xi = 0, these coordinates coincides with coordinates which were used by Miiller 
and Stein. On first sight, it is not clear that using them is really possible. The 
problem is that the functional determinant of can not be computed directly, 
or, to be more exact, in a straight forward way. 

Nevertheless, it is possible to find an expression for det('?/'~^). We can esti- 
mate the integral in fl2.ip by using these new coordinates and a refined partial 
integration. We prove Proposition 15. 3^ which completes the proof of Theorem [21 



with R:= x"^ + xf and w := ((x^ — xf)^ + (n — 
Rw — 2xxi{u — s) 

J\ '.= z r , Y '.= 

2Rxxi + [u — s)w 
s := s, iplXjU, s) := (X,Y, s). 
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3 THE JOINT FUNCTIONAL CALCULUS FOR G AND lU 



3 The joint functional calculus for G and iU 

In [28] Strichartz regarded harmonic analysis on the Heisenberg group as the 
joint spectral theory of the operator L and the operator iU, where U = 9^ is the 
partial derivative with respect to the central variable u of the group. 

The joint spectrum of these operators is the Heisenberg fan, which is the 
closure of the union of rays ^n,e '■= {(A,r); r = eA/(m + 2n), A > O}. The 
spectral decomposition of a function / in L2 can be given as 

POO 

k,e 

where the functions / * 4'\^k,e are joint eigenfunctions of iU and L. The functions 
0A,fc,e can be explicitly calculated in terms of Laguerre polynomials. 

In this chapter we adapt the methods of Strichartz to our situation. Instead 
of the joint spectrum of the sub-Laplacian iU and L we study the joint spectrum 
of iU and G, which also consists of rays in R x R+. Our main concern here is 
to derive simple formulas for certain spectral projection operators belonging to 
these rays and, in the end, to derive a simple formula for the integral kernel 
m"(G). 

3.1 Spectral projection operators to rays 

Let U := du- Since G and iU are essentially self-adjoint and strongly commuting 
operators, they have a well defined joint spectrum. This spectrum consists of the 
union of rays 

^n,e ■■= |(eA, r); r = (2n + 1)A, A > o| 

for e := ±1, n G IN^o together with the limit ray = {(0,t); t > 0}. Here 
eA refers to the spectrum iU and r to the spectrum of G. In analogy to the 
Heisenberg group we will call the closure of the union of rays ^n,e the Grusin 
fan. 

We write 

G = {iU){-iGU^^). 

The operator iU is easy. The operator —iGU~^ can be written as a sum over 
spectral projection operators to rays. 



3. 1 Spectral projection operators to rays 
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Proposition 3.1. Let m be a bounded measurable function on the Grusin fan. 
Then for every / G 



OO 



[miG,tU)f]ix,u) =J2J2 rn{eX,i2n + l)X) [Vx,nJ]ix,u) dX 

e=±l n=0 

with 

['Px,n,ef]{x,u) := J (f)x,n,e{^',u',X,u) f{x',u') dx' du' , 

^x.nA^',u',x,u) := ^ e-^^^("-"') hr,{X'/'x') h^X'/'x). 
Zir 

and 

h^x) := (v^ n\ 2")-i/2 _ ^)ng-xV2 
the n-th Hermite function. 

Proof. Observe that under the Fourier transform with respect to the variable u 
the operator G is the Hermite operator H\ := — {dj^ — Xx"^) . By using the spectral 
decomposition of the Hermite operator and the Fourier inversion formula with 
respect to the variable u, we get for any Schwartz function / on 

°^ POO P 

f{x,u) = / / 0A,n.,e(a;', m', x, m) f{x',u) dx' du dX, 

with 

:= ^ e-'^Ku-W) /.^(^VV) h^X^'^x). 
Ztx 

The function ^x^n,e{.x,u) := e~'^^^'^ /i„(A^/^x) is a joint eigenfunction of G and iU 
with 

G^X,n,e = (2n + 1)A <^x,n,e 
iU^X,n,e = eX ^x,n,e- 

Hence 

G 

T77$A,n,e = e(2ra + 1) $A,n,e 

lU 

the proposition follows by the spectral theorem. □ 



This proposition implies the next corollary. 
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3 THE JOINT FUNCTIONAL CALCULUS FOR G AND lU 



Corollary 3.2. Let m be a bounded measurable function then for every f E 5^ 

oo 

[m{-iGU-^)f]{x,u) = J2 J]m(e(2n + 1)) 



e=±l n=0 

with 

[Pn,ef]ix,u) = 
\l/2 

A h^(^X'/^x') hn{\^/\) f{x\u') dx' du' dX. 

zn 

The operator Vn,e will be called the spectral projection operator to the ray 
Observe that with S{x,u) := (x, —u) 

[Vn,-lf]{x,u) = -[VnAf O S)]{X, -U). 

Hence it suffices to study Vn,i- We assume now e = 1 and define Vn '■= Vn^i to 
make the notation simpler. 

For X, u E H and / G ^ supported away form u, we see by using partial 
integration that [Vnf]{x,u) can be given by an absolutely convergent integral. 
By Fubini's theorem we get 

[Vnf]{x,u) = 
oo \l/2 

A ^.^Xiu-u') h^^X^/^x') hn{\^/\) dX f{x,u') dx' du' . 

We define now 

roo \l/2 

Pn{x',u',x,u):= ^ e-'^^^^-'^'HniX'/^x') hn{X^/^x) dX (3.1) 
Jo 27r 

and 

0A,n(x',n',x,n) := -— e~'^^^^^'^ h^{X'/\') hn{X^/^x). (3.2) 

Then 

[Pnf]{x,u) = j Pnix',U,X,u) f{x',u') dx' du , 

for / G supported away form u. 

Remark. Strichartz showed that the projection operators for iU and L are 
Calderon-Zygmund operators and that 

V^ = Cn5o+p.V.P^. 




3. 1 Spectral projection operators to rays 
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is a kernel of similar type than P„ and p.v.P^ is the operator with kernel 
in the principal value sense. 

The same should also be true here, but we do not need this additional infor- 
mation. 

<> 

We compute P„ explicitly. Recall the Mehler formula, according to which for 
all X, ?/ G R and 2 G C, < 1 

n=0 ^ n=0 

=e 1-^^ e 2 



holds. Thus 



OO «QQ 

^'^^ / 0A,n(a;',M',a;,M) rfA 

n=0 "^0 

V r" / ^ e-^("-"') /.„(A^/^x) /.„(A^/\') 

— In 



OO 



27r3/2 v^r^ 

For small r this integral converges since, + x'^ > 2xx'. 
Remark. For x' = = n' we obtain 



On the Heisenberg group Hi, Strichartz established the following formula 

E-"/ <Pn,x,nM dX = -^1 e-^'l^l ^+^"1 dA, 

^ io 47r2yo 1-r 

with |zp = x^ + y^. 
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3 THE JOINT FUNCTIONAL CALCULUS FOR G AND lU 



The A-integration can be computed easily, since the Gamma function has the 
integral representation 

POO 

T(z) = / t'-^ e-* dt, 



for Re(z) > 0. We get 

r(3/2)2V2 



n=0 



7r3/2 

3/2 



((x^ + x'^) + 22(m — u) + r^((x^ + x'^) — 2i(M — m')) — Arxx') 
Put 

(3.3) 

X ((x^ + x'2) + 2i{u - u') + r2((x2 + x'^) - 2i(M - u')) - 4rxx')"^^^ 

Since our operator is translation invariant with respect to the w-direction, we 
only have to consider the case u' = 0. In the following, we are interested in 
Pn{x', 0, X, u/2), thus we replace 2u by u. 
We use the abbreviations 

i? := x^ + x'^, z:=R + iu, p := 4xx', (3.4) 

and 

w := a/x^ + x'^ - 2(xx')^ + u'^ = \/R^ - iixx'Y + u^, 



a := v/(x2 + x'2)2 + m2 = y/WT^. 

With these definitions we get cf) = Cm (1 — r'^){z + r'^z — pr)'"^'^ , with a con- 
stant. Recall that m is always 1/2, except when we speak about the Heisenberg 
group H„. 

Lemma 3.3. Let a G lN/2 then 



holds with 



^ n 2^/2 
^ I ^(^ + ^2- _ ^^ya ^ (j^ ^^^^ ___ ^ina 



r(^ + i) r(n-£ + i) 



2z \ Az 



2xx' + iJx^ + x'4 - 2(xx')2 + u2 2xx' 



a/(x2 + X'2)2 + n2 V-R^ + 

anc? a constant only depending on a. 



3. 1 Spectral projection operators to rays 
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Proof. Put e^^ := and r := re Then 



{z + r^z - rp)~" =z-" (^1 + ?2 - 

=^-"[(F-A)(F-/32)]- 



The roots /3i and /52 are given by/?i = 2^ + zy'l — = e*'^ and (^2 = Pi- We 
have = 1 = |/32| and 



Thus 



-Wr=o{z + r'^z - rp)~" 



£=0 



X (-1)"-^ a - ... -{a + in-e)-!) {-e'^^~-))-"-i^-^) 

n 

n 



a)n r(f + a)r(n-^ + a) -2^^ 
r(^+l) V{n-t+l) 



1=0 



r(^+l) r(n-^+l) 



1=0 

jri/2 

□ 

We are only interested in a = 3/2 and a = 1/2. Thus we put 

qn,m ■= bn,3/2 and qn,ni-l ■= bn,l/2- (3.6) 

Furthermore, we observe that 

i2cr R'^ + u'^ — {4:{xx'y + iAxx'w — w"^) w"^ — i2xx'w 

and thus 
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3 THE JOINT FUNCTIONAL CALCULUS FOR G AND lU 



For z = R + iu, we get 



R + iuJ \zJ \\z\'^J \z\ 

R2xx' + uw + i{Rw — 2xx'u) \z\'^ /. / Rw — 2xx'u'' 



\z 



'Anw — Zxxuj \z\ (. ( tiw — 



' Rw — 2xx u 

exp I i arctan I — ; 

R2xx + uw 



(3.7) 



arctan denotes the branch of tan ^ taking values in [0,7r], since \R'w\ > \2xx'u\ 
and thus the imaginary part is always positive. We also get 

/R — iu\'^/'^ :„ ( fRw + 2xx'u\\ 

e"*'" = exp - z arctan , 3.8 

\R + iuJ \R2xx' -uwJJ ^ ' 

where arctan denotes the same branch of tan~^ taking values in [0, vr]. 
For the integral kernel Pn of Vn we get 



P„(x',0,x,n/2) = / (t)x,n{x\Q,x,u/2)d\ = C[Qn-Qn-2]. (3.9) 
Jo 

For Qn and with m = 1/2 we have the following formula 

Q =Q{x'^x ^^y n^ + rn + imn-t + m + l) 



r(£ + l) r(n-£ + l) 
^ (a;2 + x'2 - zu)"/2 

(x2 + X'2 + m)"/2+m+l ■ 

with 



£=0 



X e*" 



(3.10) 



2xx' ^ x"^ ^ x'^ — 2{xx'Y ^ 2xxi + iw 
^ ~ v^(x2 + x'2)2+^ ~ a ■ 

For completeness we also want to state another formula for the projection 
operators. It is based on the following observation 

Lemma 3.4. Let f,g e C°° with 5((")(r)|,.=o = for all n > 2. Then 



3. 1 Spectral projection operators to rays 
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By this lemma we get easily 



n! 



\r=o{z + r z - rp) " 

Ln/2J 



1=0 



1 L"/2J , , _i 

r(a) j-^^ ' i\{n-2i)\ ^ z^+{n-e) 
1 i,T{n-l + a) 21 (x^ + x'^-m 



Hence 



r(a) ^ £!(n-2£)! ' (x^ + x'^ + 



00 

0A,n(x', t', X, 0) = Cm [Qn " 



with Qn given by 

Ln/2J 

^! (n-2£)! 



£=0 

X 



fx^ + x'^ — iu) 



(3.10a) 



(x2 + X'2 + ' 



It turns out, that this formula is not very useful. In the following we only use 
formula fl3:T0D . 



The region where w is small 

For the region where w is small we establish a second formula for the P„. Let 

$ := -9ll(z + r^l-rp)-'^ 
im 

C 

— ^-{x^ + Xi' + iu + r^(x^ + Xi^ — iu) — 4rxxi)~™'. 



im 

Then = 9u$ and by Lemma 13.31 we obtain 

p)n an 

n\ n\ i[a + 1) 
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3 THE JOINT FUNCTIONAL CALCULUS FOR G AND lU 



Define 

■■= ^">— 1 (^^-p^ (3-12) 



For Pn we get 

Pn = Cm [Qn — Qn~2] = ■^dr^\r=0 = '^9r^\r=0 (dt^) = ■^dtdr^\r=Q $ 
= Cm dtRn- 



(3.13) 



Remark. In the Heisenberg situation, the corresponding function 0^ is given 

by 



x,y,u) = z vr ■m\[L — r) 
X ((x^ + y^) + 4m + r((x^ + y^) - 4m))^™^^ 

For the convolution kernel we have a very similar expressions as for Pn- 

= CmlQy - Q^-r] 



and 
with 

and 



-r„ — Otn„ 



n! +?/2) +4^^i)m+n- 

o 

Careful examination rends that Qn, given by fl3.10p . can be roughly written 
as a sum of two functions and Q~, where each behaves like 

rf^ (a;2 + a;'^ - zu)"/^ 



e 



|(^|m+l (-3,2 ^ 3./2 _^ ^^)n/2+m+l • 

For i?„ we get a similar expression. These calculations will be done in the next 
section. 



3.2 Properties of the function Qn 

In the last chapter we obtained the following formulas 



/■oo 

P„(x',0,x,m/2) = / 0A,n(a;',O,x,M/2) c/A = C [Qn - (5„_2| 
Jo 



3.2 Properties of the function Q., 
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with 



n -n ( ' n ^-\" T{i + m + l)T{n - i + m + 1) _.2^^ 
^n-i^n[x,U,x,u)- 2_^^ r(^+l) T{n-i+l) 

a;2 + _ ^^)„/2 



+ x'^ + iM)'^/2+m+l- 

where m = 1/2. 

Let X~ e with X^{x) + A'-(x) = 1 for all x G / 0, 1. Furthermore 
X+{x) = for X > 3/4 and X^{x) = for x < 1/4. 

,± . r(£ + m + l)r(n-£ + m + l) 

Then 



r(£ + i) r(n-£ + i) 



Qn = {(ln,m + ^n.m)*^ ,2 r^l2 _^ ^y'\n/2+m+l " (3-14) 



By the transformation £ — s> n — we get easily 

Ea.-// «N / N r(£ + m + 1) r(n - £ + m + 1) -2^^ _.2„^ 
* ((»-«)/»)^^(7Ty r(n-f + i) 



£=0 

-i2ntT 



Thus 



(x2 + Xi^ + iu)^/2+m+l 

— • )/ra) is of the same type as and and behave in the same 
way. So, we can exchange in f l3.15p by qn,m- 

Partial summation and the beta function 

We define for a sequence a := a„ the difference Operator A by 

A{a)n = Attn := a„ - a„_i. 

The product rule reads as follows 

A(a„6„) = ttnbn - a„„i6„„i = (a„ - a„_i)6„ + a„„i(6„ - 
= A{a)nbn + a„_iA(fe)„. 
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Define 

r{i + m + l] 



T{i + 1) ■ 

Recall the definition of the beta function. For Re 2 > and Re i/; > the function 
B{z,w) is defined by 



1 

B{z,w) := / f-\l-t)'"-^dt. 







and B(z, w) = w^r^- So we have 

\ ' / r(z+w) 



ii + 1)3(1 + 3/2,1/2) 

— vm — • ^^-^^^ 

Lemma 3.5. Let k, N e , z,w e C and f3 e lN/2. 
(a) 

A^B{z + k,w) = {-l)^B{z + k-N,w + N) 
holds if Kez + k — N > and Kew > 0. 
(b) 

B{k- 13,13) <cT{l3) k-f^ 

holds if k- /3 > 0. 
(c) 

holds ifi-N>0. 

Proof. The first assertion follows by induction. For the main step we use the 
equality 

AkB{z + k,w) = B{z + k,w)- B{z + k-l,w) 

_t)«'-irft_ f e+^-'^(l-t)-^-^dt 

Jo 

1 .1 

- t){l - t)'"-^dt =- - t)"^ dt 

Jo 
= -B{z + k-l,w + l). 

For the second assertion we study the case /5 G IN first. In this case we have 

T{k) 



3.2 Properties of the function Q., 
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For j3 G ]N— l/2we use the Wallis product formula. This formula can be derived 
by using the product development of the sine function and reads as follows 



lim 



2 ■ 4 ■ 6 ■ ... ■ (2n) y 1 vr 



1 ■ 3 ■ 5 ■ . . . ■ (2n- 1)7 2n 2' 
Thus T{k + 1/2) /T{k) < c k^'^ and 
V{k-P)V{P) 



B{k-f3,[3) 



m 

r(/5) 



T{k-P) 



{{k-l)-{k-2)... -{k- (3- l/2))r(A; -(3- 1/2) 



By using (13.171) the third assertion is now an easy consequence. □ 
We also need some estimates for derivatives of the beta function. Put 

V^:= (iogr)' = r7r. 

This function is sometimes called the digamma function. The first derivative is 
connected with the half series 



oo ^ 

C(x, s) := > 7 ^ for X > 0, 

n=0 ^ ' 

called the Hurwitz zeta function. In fact we have 

oo ^ 



^ (n + xV 



and the derivatives '\\)'^^\x) of n-th order in the point x is bounded by ctv 



x\ 



-N 



Remark. For x = 1, the Hurwitz zeta function is the well known Riemannian 
zeta function Ci.^)- 

o 

By these facts we obtain the following lemma. 
Lemma 3.6. For all x >1, w > 

d/B{x,w) < Ix]-""-^ 

holds. 
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Proof. First we want to study the case = 1. Observe that 

T[x + w) T{x + w) T[x + w)T[x + w) 

= [ip{x) — ip{x + w)]B{x, w). 

The estimate follows by the mean value theorem. The higher cases > 1 follow 
in the same way by using the product formula (13.161) . □ 

By these observations it is obvious to regard the functions Ti and Tn-i as 
"symbols" of order 1/2 with respect to the operators A and d. By the previous 
lemmata, one gets 

lo'.^iAf r,| < cm,,n, £V2-iVi-7V2 (3_i8) 

for all N2 < £. In fact 

a/^Af r, 9/^Af^(£ + l)Bii + 3/2, 1/2) 

^ di^' {A^'-^B{i + 3/2, 1/2) + i Af + 3/2, 1/2)) 



r(l/2) 

^ ((-l)^^"i5(£ + 5/2 - iV2, -1/2 + N2) 



r(i/2) 

+ (-1)^^ i B{i + 3/2 - N2, 1/2 + iV2)) 
and the estimate (13.181) follows. Similarly 

|9,^^Af Af r„„,| < c^,,;v„iV3 (3.19) 

for all N2 + N3 < n/4 with i < 3n/4. The function {i,n) ^ X{i/n) behaves 
even better. An easy calculation shows that 

la.^^A^^Af A'(£/n)| < cn,,n,,Ns n-(^^+^^+^=') (3.20) 

holds, for all £ < 3n/4. In fact 

AeX{£/n) = X{i/n) - - l)/n) = n^^ Xn{i) 

with := n{X{x/n) — X{{x — l)/n)) and Af„ is of the same type than 
Furthermore, 

AnX{£/n) = X{i{n - \)l{n^ - n)) - X{inl{n^ - n)) = X^i) 

with Xn := n{X{x/n) — X{x/{n — 1)) and Xn is of the same type than 

For the estimates to come we also need "half derivatives". In some sense, 
we get the next lemma by applying the operator "A^/^". We do our calculation 
in the Fourier space, where we estimate integrals. Finally, we use the Poisson 
summation formula. 



3.2 Properties of the function Q., 
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Lemma 3.7. Let j3 eR and c> 1. Let Xn G C(f vjith Xn[x) = Q for x < 1/2 or 

X > [n/c\ + 1 and Xn{x) = 1 for 1 < x < [n/c\ . For all a with |1 — e*'^| < 1/2 

[n/cj ^ 

holds. 

Proof. Since our function is periodic we can assume that < o" < 1/2 holds. Put 

/„((T -x)=I := j Xn{t) t-^/\n - tf e*("-^)* dt 

= n^'^+^ j Xr,{nt) t-^'\l - tf e*"('^-")* dt. 

Then we have 

r''\n - If e'^' = J2 4(a - x). 



Put y := n{a — x). For \y\ < C we have |J„| < ra^/^^^. 

For lyl > C we get easily by partial integration and since Xn{n ■ )' is zero 
outside a set of measure ~ 1/n. 

1^1^^ f'\dt''[Xnint)t-'/'il-tr]\dt 



< 


n 








n 




w 


< 


n 




w 


< 


n 











JV „i 

M=0 
AT „i 

5^ CM / [9,^-^^rV2(i _ tfW dt + Co ^(l/n)i/2- 

\y\ \y\ 



For I?/ 1 > C we also have a second estimate. Observe that 

" --^ ^ - " r ... dt 



-^j\^{t/y) t-^l\\-tlyf dt 



■ yl/2 
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with ■) = Xn{n ■ ), holds. The first Integral can be estimated by a constant. 
For the second integral we get by integration by parts 



I/2I < \^n{l/y)\ + I mn{t/y)) r'/\l-t/yf e^' dt\ 



But this is bounded by a constant, since \l/„ is a bounded function, the support 
of dtifni ■ /y) has measure ~ y/n, dt^n{t/y) ^ n/y, dtt^^'^ is integrable and 
dt{l — t/uY ^ i/y- For X = 0, we get the following estimates 



-x)\< < if na<C and 

^l/2+/3 



Hence ^ ''^^cr -'^Z^. For |x| > 1 we have y > C and 



|x|>l |x|>l 



The lemma follows by the Poisson summation formula. □ 
Corollary 3.8. 

X] A„[A'((£- l)/n)r„_,+i]A,r,e-^^-e- < ""^"X ^^, (3.21) 
holds for all a with |1 - e''"| < 1/2. 

Proof. f l3.19p and (13.201) together with the product formula (I3.16P imply that the 
function {n,i) ^ An[X{{i-l)/n)Tn-e+i] behaves like (n-i)-^/^. flHTSD implies 
that the function i 1— A^F^ behaves like Furthermore, — l)/n) is 

supported in [0, [?^/cJ] with a constant c > 1. Hence this corollary follows by the 
proof of Lemma 13.71 with slightly modifications. □ 



Proposition 3.9. (a) For every e there exists a constant such that 

m + 1 

^23 i=0 



V / ; T U+l) F 



(£+1) T{n-£+l] ^ ^ ^ 

(3.22) 
2i/2+i<: 2-' 

< -n 10/0 7 n , for a// a and uj. 

- _g-*2<x|3/2 (l + 2J|l-e*^|)i+^ 
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(b ) For every e there exists a constant such that 



! A'(P/.\ iT{i + m + l)T{n-i + m + l) 



.23 e=o 



(3.23) 

< Ce-, .„ , for all a and ui. 

- _ g-»2<7|5/2 (i + 2J|l -e*^|)i+^ 

The proof is mainly based on the fact that behaves hke i^^'^ and that 
X{i/n) Tn-i behaves hke n^/^, since i < 3n/4. Observe that the double sum 
in f l3.22p is bounded by 2^^ . By partial summation with respect to n we win 
2^^ /\1 — e*"^!- By partial summation with respect to i we get roughly two terms 
_ iy/2 g^^^ £1/2 _ £)-i/2_ 2-V|l - e-'^^l. Hence the double 

sum is bounded by 2^-'/|l — e"'^""]. To get an additional factor 2~-^/^/|l — e"*^*^]^/^ 
we use Corollary 13.81 Hence, together with the partial summation in n, we get 
our result. 

Just one more partial summation in i would not give us the desired result, 
since we would have to sum over (n — which gives, after summing all 
up, 2^/^-'/|l — e~*^'^p by interpolating this with our previous result we would get 
23/2i+i/4i/|i _ e-^2a|3/2^ ^j^j^j^ -g sufficient. 

Proof. For j < 10 the estimate (13.221) is obvious. So we can restrict to j > 10. 
Now n > c2i°. We assume that u G [— vr, tt], then |1 — e*"^! ~ Furthermore, 
we assume that a G [— 7r/2, 7r/2], then |1 — e~*^'^| ~ |cr|. 
Since 

for an arbitrary sequence ai holds, we get 



£=0 



r(£ + l) V{n 



e.=Q 1=2 
1 

£=0 

n 

+ A[A'(^/n)r,r._,] c-^^"^ (1 - c-^^'^y =: ql + ql + ql 



1=1 
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since X{x) = for a; > 1. By partial summation with respect to n the function 
X^n~2J '^^^ t)e written as a sum of two terms of the form 

1 

and 

1 

(1 _ e-)-i ^ A'(^/n)r,r„_, e-^'^'-e^nn^,,- 
e=Q 

By the symbol properties (13.191) — (13. 20p of the functions T^-i and X{£/n) both 
terms are bounded by 2^^'^\u\~^. 

By the same arguments we obtain that ^^^2^ is bounded by 

2-'/^|(j|^^|co'|~^. We are left with the sum over g^. Once more we use partial sum- 
mation with respect to n. Observe that 

n 

can be written as 



((1 _e-)(l -e-^'^))-' 5^ A„[^A,[Af(£/n)r,r„_,] e"^' 

= ((1 - e^-)(l - e"^2-))"'( ^ ^ A„A4A'(£/n)r,r„_,] e-^^^^e*'^" (A) 



+ Y A,[^(£/n)r,r„_,]|,=„ e-*2n<xg.c.n 



n~2J 

together with boundary terms of the form 



£=1 



Since ^"((72 — l)/n) = = AX{\) we just have to study the first summand in {A). 
Using (13.181) — ( f3.20p and the product rule it is easy to see that {A) is bounded by 
c 2-^|(t|~^|ci;|^^, where c is a constant independent of a, uj and j. Unfortunately 
we need a slightly better estimate. Observe that 

A„A4A'(£/n)r,r„„,] =A„A,[A'(£/n)r„„,] r, 

+ A„[A'((£-l)/n)r„_,+i] A,r, 
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Applying one more time the summation operator to the first term and sum- 
ming over all i gives us 

n 

i=i 

Thus, we get 

n— 1 _ 



i=l 



(7\^\LU\ 



By interpolating this result with our previous one, we get the bound 
2-'/^|cr|~^/^|ct;|^^. For the second term, involving An[X({i — l)/n)Tn-e+i] A^F^, we 
need a more refined method then just partial summation. For |1 — e~*^'^| > 1/2 we 
use partial summation with respect to £ as we did for the first term. We get the es- 
timate 2-'/^|(t|~^|u;|~"'^. This is weaker than it should be, but since |1 — e"*^*^! > 1/2 
this is bounded by 2-'/^|cr|~^/^|ci;|"^. For |1 — e"*^'^| < 1/2 we use Corollary 13.81 
and get the expected bound directly. In fact 

""1 2i/2 
((l_e-)(l-e-2.)^-i J^^A„[A'((£-l)/n)F„_,+i]A,F,e-^2.V-" < 

n~2^ i=l 



For (B) all the calculations are very similar. The first estimate we get is that 
(B) is bounded by c 2-' |(j|~^|tt'|^^. We write 

n 

i=i 

n 

-i2£a 



: ((A^(£/r2))r,r„_, + - i)/n)(Ar„_,)r,)( 

e=i 

n 

+ ^ - i)/n)r„_,+i(Ar,) e-*^^^ 



For the first sum we use one more time partial summation which gives us an 
additional factor (n|cr|)~^. Now by interpolation we get 

As before we use Corollary 13.81 for the second sum and obtain 

" oi/2 
((l-e-)(l-e-2'^)))-'^A'((£-l)/n)r„_,+i (AF,) e-^^V^-U^^. < 



48 



3 THE JOINT FUNCTIONAL CALCULUS FOR G AND lU 



Of course, if we omit the partial summation in n and do similar calculations, we 
also get an estimate of the form 



'fit^ r(£ + i) r(n-£ + i) 

Observe that , , < , ,Jo!^,,^. and 



-ilia ium 



2i/2 



|cr|3/2|a;| — |CT|3/2|a;|l+^ 



|ct|3/2|cj|i+^' |a|3/2 J ~ |i-e-^2-|3/2 (i + 2J^|l-e^^|)i+^ 

which completes the proof (a). 

(b) we get in a similar way. We write 



£r(f + m + l)r(n-f + m + l) 



g'^^^/'- r(£ + i) r(n-£ + i) 

2 

= ^ r,r„_, e-''''^ + 2 T^r^.a e'^^- (i _ e-^2<.)-i 

£=0 

+ J] A[A'(£/n)£ r,r„_,] e-'^^'^ (1 - e-^'T' =: + ^ + ^- 

For and we get with the same methods as in (a) 

2^/2 

n~2-' n~2J 

For we have 

EAf-^W^K r.r„-^] e-^^^'^ (l-e 



0" 



i2(T\-l 

1=2 

n 

e=2 



= E r,] A'(£/n)r„_,] e-^^^'^ (1 - e'^'n^ 
e=2 

n 

+ E(^ - 1) r,_iA[A'(£/n)r„_,] e-''''^ (1 - e-^^.)-^ 

^=2 

Since A[£ F^] behaves like F^ we get by the proof of (a) 

" 9i/2 
(1 - e"'2-)-i ^ ^ A[£ F,] A'(£/n)F„_^ e''^^'^ (1 - e"'2a)-i ^ic^n < 

n~2J £=2 



a\^/^\uj\' 
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For the second sum we use one time more partial summation in i and get two 
terms, that behave hke 

(1 _ e-2.)-2 ^ A[X{i/n)T„_,] e-''"^ (A) 

e 

and 

(1 _ e-'2<x)-2 r, A'[X{i/n)Tr,.i\ 6"^^^'^ (B) 

e 

By partial summation with respect to n we get 

A[X{i/n)T^_,] e^-"| < 2^\uj\-\ 

Now, one more partial summation in i yields that this sum is bounded by 
|cr|~^|a;|~^. Interpolating these two results gives us our expected result. For (B) 
we get the same results. We omit the details. □ 

For qnm.-i S^t similar results. 

Proposition 3.10. (a) For every e there exists a constant such that 



< Cf-, .„ ,^ 7 r, —r- — , for all a and uj. 



(3.24) 



(h ) For every e there exists a constant such that 

\l + m)T{n- 



.23 €=0 



< Ce-, .„ ,„,^ , for all a and ui. 

- _g-»2a|3/2 (1 + 2J|1 -e*^|)i+^ 



(3.25) 



Proof. The proof is similar to the proof of the previous proposition. Hence we 
omit it. □ 
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4 Reductions 

4.1 Interpolation, reduction to j9 = 1 

Define the analytic family of operators Tq, := e*^/ (1 + G)"/^. If we assume now 
that the case p = 1 is true, we have 

||T,/||2<C„||/||2, ifRea = 0, 
||T„/||i<C„||/||i, ifRea>l/2. 

Miiller and Stein showed that the convolution kernel of the operator (1 + L)^'^~^^'^ 
has bounded Li-norm, for 7 G R and e > 0. The Li-norms grow polynomially 
in 7. By transference, Corollary II. 2[ the operators (1 + G)"^"'"*'^ have integral 
kernels with bounded Schur norms and the Schur norms grow polynomially in 
7. Hence we can use the analytic interpolation theorem in [2S] and a standard 
duality argument to deduce the theorem, for arbitrary 1 < p < 00. 



4.2 Reduction to an estimate for the local part of the 
kernel, part 1 

From now on, we take a to be always bigger than 1/2, let 

1 

">2- 

Let 7] be an even C^(R) function, such that ?7(^) = 1 for small ^, and ?7(^) = 0, if 
1^1 > 1. For some large constant > 1, to be chosen later, put rjNiO •= vi^/^)- 
Define 

htiO ■■= (1 - VNm r"/' e^*^, for all ^ G E+. (4.1) 
and /i" := /i". Then h^{C,) = for all ^ < N. Furthermore, we define 

Br{x',u') ■.= B{x',%r) X B{u',%r{r+\x'\)). 

Proposition 4.1. Put 

V / / / \ / 1' if (x.u) e B2ix',u') 
Xb{x ,u ,x,u) ■= < : 

^ ' I , otherwise . 

Then the integral kernel (1 — XB)Kha^Q-^ has hounded Schur norm. Furthermore, 
to prove the theorem, it suffices to show that XsK^a^^Q-^ has hounded Schur norm. 



4.2 Reduction to an estimate for the local part of the kernel, part 1 
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Proof. Define 

g^AO ■■= a - vnM) ler"/' sin(tv^) 

Then = fa AO + WaAO- Let 

g^AO ■■= (1 - ler"/' sin(tVM) sgn(0. 

Then ga,t is an odd function and 

/i°(0 = /a,i(0 + ^fl^a,i(0, foralie>0, 
h''{G)=fa,AG)+zga,AG). 

It is easily seen that for ^ > 

(l-^7v)(0ler"/'= f Vir) cos(rv^)dr, 



where ip is such that rup G Li and (1 — r])ip G S^. Hence 

faAO = j{wAr) cos(rv^) cos(tv^) rfr + $(v^) cos(tv^), 
with $ G =5^. By Proposition 11.81 the support of the distribution 

{rnp){T) cos{rVG) cos{tVG) dr 



lies in the support of Xb for all t < 1. Define 

m--=HVi) cos(tv^) - $(0)e"«. 

Then 

\e d/m\ < e^' aiio<e<i, 

le'5cV(0l<r'/'for alll<e<oo. 

And thus the integral kernel of cos{t\/G) has bounded Schur norm by 

Proposition 1 1 . 31 and the fact that e"*^ is the heat-kernel, which has bounded Schur 
norm. Thus, if we denote the integral kernel of fa,tiG) by Kf, then (1 — Xb) Kf 
has bounded Schur norm. 

Since ga,t is an odd function we get by the Fourier transform and the sum- 
mation formula for the cos function 

ga,t = j ^{t) sin{T^/l) sin(tv^) dr 

= J ^{t) cos{T^/^) cos(t v^) c/r - y"(/9(r) cos{{t + t)^/^) dr 
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with some appropriate function (p. This can be written as 

- j{r]ip){r) cos((r + t)v^) dr - j {{I - r^)^){r) cos((r + t) v^) dr, 

with a smooth function $ G =5^. As for fa^t-, we know that for all r < 1 the 
supports of the distributions 

j {rnp){T) cos(r"\/G) cos(t"\/G) dr and 

y (?7V5)(r) cos((r + t)\fG) dr 

lie in the support of Xb- Furthermore, the kernel of cos{t\fG) has bounded 

Schur norm for all |t| < 1, as we have seen before. 

We are left with the operator J((l — ?7)</?)(r) cos((r + t)\/G) dr which can 
be written as 

j ((1 - r/)^)(r) [cos(ryG) cos{t^/G) - sin(rv^) sin(tv^)] dr = 

<I>i(VG) cos(tVG) + $2(VG) sin(tv^) 

with appropriate functions $i and $2 supported away from the origin. Once 
more we can show that the functions 

$i(v^) cos(tv^) - $i(0)e-^ $2( sin(tv^) - <l>2(0)e-« 

fulfill the conditions of Proposition 11.31 and thus the integral kernels of the oper- 
ators ^i{\/G) cos{t\/G) and $2(v^) sin(tv^) have bounded Schur norms, since 
the heat-kernel has bounded Schur norm. Thus, if we denote the integral ker- 
nel of ga,tiG) by Kg, then (1 — Xb) Kg has bounded Schur norm. Hence, if we 
know that XBKh'='(G) has bounded Schur norm, we could conclude that Kh^i^G) 
has bounded Schur norm. 

The last thing we have to prove is that if the kernel of h°{G) has bounded 
Schur norm, this is also true for the kernel of (1 + G)~"/^e*^. We write 

(1 + 0""/' = r/^(0(l + 0-"/'e*^ + + - w)(Or"/'e*^. 

The functions r/7v(0(l + - e'^ ^^^(1 + 0""^^ - 1 + e'^ satisfy the 

hypothesis of Proposition 11.31 and thus the operators ?7Ar(G')(l + G')~"/^e*^ and 
G°/2(i+G')"/2 have bounded Schur norms. Since {l-riN){G)G-''/'^e'^ = h''{G) 
the proposition has been proven. □ 

A further reduction allows us to exchange the indicator function Xb by a 
smooth variant, this will be shown in part 2 of this section. 



4.3 The case of large x' 
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4.3 The case of large x' 

Before we go on with the proof of the theorem, we want to mention how one can 
get uniform estimates for \\XBKh"{G){x' " : " )||li for >> 1- Since we have 
not done all calculations in this section in detail, we formulate the key estimate 
as a conjecture and show how this conjecture implies the result for x' » 1. 
Let us define operators Ge for e < 1/4 in the following way 

G, ■= 2ex + e^x^)du^. 

These operators are uniformly elliptic operators on the set {(x, u); u)\ < c}, 
for every c > 0. By Fourier integral methods, one can show that solutions to 
corresponding wave equations fulfill estimates in the sense of fl0.2l) and fl0.3p . 
uniformly in e < 1/4. 

Proposition 4.2. Let a > 1/2, \ < p < oo and c > 0. There exists a con- 
stant Ca^p^c such that for all e < 1/4, t sufficiently small and f supported in 
{{x,u); \{x,u)\ < c} 

, <C^,pAfK- (4.2) 
holds. 

Such estimates are well known. At the end of the chapter we will give a sketch of 
the proof. For details see [23] and [21]. In fact, Seeger, Sogge and Stein showed 
that Proposition l4.2l is true for an elliptic operator defined on a compact manifold 
instead of G^. The compactness is here not necessary, since we have finite speed 
of wave propagation and since the functions / are supported in a compact set. 

Since the operator is elliptic on the support of / it should be possible to 
exchange the usual Sobolev norm || ■ by norms || ■ := ||(1 + GJ"/^ ■ H^^. 
In addition, the assertion (14. 3 p should also hold true for p = 1 and with a slightly 
worse exponent a > 1/2. We conjecture the following. 

Conjecture 4.3. Let a > 1/2 and c > 0. There exists a constant Ca^c such that 
for all e < 1/4, t sufficiently small and f supported in {{x,u)] \{x,u) \ < c} 

exp{it\/Gl) 
(1 + G,)"/2 

holds. 

This conjecture implies now the following proposition. 



eyiY>{it^G^)f 



(4.3) 



54 



4 REDUCTIONS 



Proposition 4.4. Conjecture \4-3\ implies that for every a > 1/2 there exist 
constants C, Ca, such that 

sup \\Khc(G){x',0,X,u)\\L^(^^u) < Ca (4.4) 
\x'\>C 

holds. 

Hence, if the conjecture was true, this proposition together with our theo- 
rem would imply that the operator exp(i^/G){l + G)""/^ extends to a bounded 
operator on Lp(R^) for a > \l/p— 1/2| and 1 <p < oo. 

Proof. Since 

(-d./-(l + ^ + —)dj)f{ ■ +xi, ■ xi)\{.^_^^^u/x,) = {-dj^ - x^dj)f\^^^u), 

we can express the kernel of m{G) by the kernel of m(G'i/^j) for every bounded 
function m. We have 

j ^m{Gi/,j(a;', u\ X - xi, u/xi) f{x' + xi, u'xi) dx' du 
= /a-„,,,(/.«'...„)/(x'.«Vx'*' 

and thus 

X^^ Km.^G^^,^){x' - Xi,u/xi,X- Xi,u/Xi) = K m{G){x\ u\ X , u) . 

By Proposition 14.21 the operator exp(t-\/G^)(l + G^)""/^, with kernel M"^, is 
bounded from Li(f2i) to Li for small t < to, with to a sufficiently small constant. 
Hence 

||M,",(x',0,x,m|Ui(,,„) < C„ 
for all \x'\ < 2 and independent of e. Since the operator 

(l-r/^)(G,)(l + G,r/2G7"/2-^ 

for small 5, is bounded on Li we get that the kernel M^^^ of the operator 
h1~^{Gf) has bounded Schur norm. Hence 

Xi^ j \M'^^^ {x — xi,Q,x — xi,u/ xi)\ dx du < Ca^ 

for all |x' — Xi| < 1. With e = 1/xi this leads to 

j Kf^a-Sf^Q^{x',0,x,u) dx du < Ca, 
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for all — Xi| < 1. With x' = Xi we end up with 

J \Kf^a-s^Q-^{x' , 0, X, u) \ dx du < Ca, 

uniformly in x', provided x' > A. By the homogeneity of G with respect to the 
dilation (x,u) i— > (rx,r'^u), it follows that 



sup / Kha-si^Q^{x' ,0, x,u) dx du < Ca- 

c'|>4/to J 



\x' 

By setting C := 4 /to the proposition has been proven. □ 

Fourier integral operators 

In this section we deal with operators of the form 

Af{x) = I a(x,0e^^(^'«)/(0c?e, (4.5) 

where the amplitude a is a real valued function in a symbol class S^^, p > 0, 
6 < 1, and the phase function (j) fulfills 

(a) if is smooth, real valued and homogeneous of degree 1 in ^. 

(b) the gradient V^^v^ is nowhere vanishing on the support of a, for all ^ 7^ 0. 

These operators are a special cases of Fourier integral operators. We refer to 
Sogge [21] and Duistermaat [1] for a general definition. 

The aspect of interest for us is that the operator defined in fl4.5p is essentially 
the solution operator to a strictly hyperbolic differential equation. 

Sketch of the proof of Proposition 14.21 

We use the abbreviations z := {x,u), ( := {^,r]). Let := dt' + G^. Since is 
strictly hyperbolic we can factor its principal symbol, 

p(x, M, ^, ?7, r) = (r - A+(x, m, ^, ?7))(r - A_(x, m, ^, 77)) 

with A-t = ±(^^ + (1 + xeYrj^y/'^. The eikonal equation 

dtif^ = A,(X, V.^±) = ±m^^? + (1 + X6)2(9„^±)2)l/2, 
V'^l*=0=(^|C) 

is a system of two first order nonlinear differential equation for ip'^ and ip~ ., and 
it can be solved at least for small t. By the initial condition (y9^(0, 2;, C) = (^IC) 
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the solutions (f~^, (f^ will satisfy the requirements (a) and (b) for small t, \t\ < 6, 
6 sufficiently small and independent of e. 

We suppose that an approximate solution v to the Cauchy problem 

{dt^ + G,)v = P,v = 0, v\t=o = fo, dtv\t=o = fu (4.6) 
for /o, /i G y, can be written as 

v{t, x,u)= Yl I ^' e^^'^*'''^^ UO dC, 
te{+,-}, fee{o,i} 

where a'''^ is a symbol of order —k. For simplicity we only consider the case 
/o G ^ and /i = 0. The case /o = and /i G ^ can be obtained similarly. 
Then, the general case follows since our wave equation is linear. 
Put /i = 0. We suppose that v is given a.sv = v~^ + v~, with 

v'it, x,u)= [ a\t, C) e*^'(*'^'^) /o(C) ^C, (4.7) 



for 6 G {+, — } and a' is a symbol of order and given as a sum over symbols 
in S-^ 

a'(t,;2,C) = X;<(^'^'0- (4.8) 

fc<0 

Now we compute the symbols a^. Since v5^|f=o = (^|C) and u should be a solution 
with M|f=o = /o and dtu\t=Q = we have the following equations for a"*" and a~. 

(a+ + a")|t=o = 1 
[29t</?+a+ + idt(p~a~ + dt{a^ + a~)]|t=o = 

Since fulfills the eikonal equation (14. 3 p the second equation can be written as 

[za(a+ - a") + dt{a^ + a-)\\t=o = 0, (4.9) 

with a := (^^ + (1 + xe^rj'^Y^'^ . Since o" is of order 1 and dt{a~^ + a~) is a symbol 
of order 0, the highest order term in a has to fulfill 

a{a^ - ao)|t=o = 0. 

Put 

dk:=al + al, bk := - (4.10) 

In order to fulfill (14. 9 p and with respect to the symbol orders of a, and we 
choose hk and dk so that 

i(Thk\t=i) = -{dtdk)\t=o- (4.11) 



4.3 The case of large x' 
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Furthermore, to approximate a solution of the wave equation, i.e. to ensure that 
PfV is small, and have to fulfill a transport equation. We get these equation 
in the following way. By Applying our operator to v'', for l G {+,—}, we get 

P,v^= [ c'(t,z,C)e^^'(*'^'^)/o(C)rfC 



with 

=t{2{dtip'){dta') - 2{d^ip'){d,a') - 2(1 + 2ex + e^x''){du^'){dua')) (4.12) 

Because v should be an approximate solution we have to show that has order 
— A^, with sufficiently large. Thus we set equal to zero and solve for the 
symbols a^. The leading term is 

i{2{dtv'){dta',) - 2{d,v){d,a',) - 2(1 + 2ex + e^x^){d^^'){d^al,)) + i{P,v')d, 

which is of order 1. Define 

V' := {dt^')dt - {d^^')d, - (1 + 2ex + e^x^){du^')du. 

We study now the transport equation 

(ra^)(t,z,C) + (Pe<^)a^(t,^,C)=0, 

for L G {+, — } and with initial conditions 

(flo - )|t=o = &o|t=o = 0, (oq + flg )|t=o = c?o|t=o = 1- (4.13) 

Since V'' is a real vector field, we can solve these equations, on the same t-interval 
and get solutions Og in the symbol class . Furthermore, we have Oq — = 
and + Oq = 1. By Rewriting (14.121) and setting equal to zero we get 

y\ E <) + (^^'^^)( E «0 = 0' 

fc<-l fc<-l fc<0 

for L G {+,—}• This gives us new transport equations for al^ and aZi- 
(\/a'_i)(t, z, + (Pe<^')a^_i(t, - t{Pea'^) = 0. 

Since we have already calculated do, we get for these transport equations with 
initial conditions, chosen with respect to (14. lip . 

ia{ati - aZi)\t=o = i(rb^i\t=Q = -dtdo\t=o, {a^i + aIi)|f=o = '^~i|t=o = 
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unique solutions a^^ and a_^. Iteratively, we can solve the transport equations 

z, C) + (Pe/)aUt, z, - z(Pea^+i) = 0. 

with initial conditions 

io-{al - a^)\t=o = iabk\t=o = -c^t4+i|t=o, {at + (^k)\t=o = dk\t=o = 

for all k < —1 and l E {+, — }. 

We choose now a sufficiently large G IN. Put a'' := J2-N<k<o'^'ky 
L E {+, — }, and 

v{t,z):= J2 fa'{t,z,Oe'^'^'''''^^fo{OdC. 

^&{+,~} 

Then 

{P,d){t,z) = F{t,z), 
v\t=o = fo, 

where 

F{t,z):= /2^(t,^,C)e'^'(*'^'^)/o(C)c^C 

and c'' is a symbol of order — A^, for l E {+, — }. Furthermore, dtv\t=o is given by 

r 

dtviO, z)= J2 I'^bf' + idtdkW, z, C) e'(^l^) /o(C) dC 

k=-N 

= j{dtd.NW,zX) e^^^l^^7o(C) dC. 

Put g{z) := j{dtd_N){Q,zX) e^(^l« /o(C) dC 

Now, if a exact solution v for the Cauchy problem (14.61) is given, the function 
w :=v — V fulfills the inhomogeneous wave equation 

{dt' + G,)w = F, 

U!\t=0 = 0, 

dtw\t=o = g- 

Since our operator is just a smooth perturbation of the Laplacian, we have 
finite speed of wave propagation. Since / is compactly supported we can find an 
open set Q2 with Q2 compact and independent of e such that suppf C fig- 



4.4 Reduction to an estimate for the local part of the kernel, part 2 
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By general theory (see [5]), in fact by using the energy inequahty, we obtain 
the estimate 

\\w{t, ■ )IU2(n2) < Ct{\\g\\L,{n,) + ^ \\F{r, ■ )\\L,{n,) dr^ , (4.14) 

with Ct independent of e. Since and dtd^N are both symbols of order —TV, we 
get 

\\w{t, ■ )iiL2(n2) < aii/oiUi. 

By the Cauchy-Schwarz inequality, the Li-norm of w{t, ■) on Q2 is bounded by 
the L2-norm of w{t, ■ ) on 

We are left with the estimation of Fourier integral operators of the form 

/ ^ Af{t,x,u) = I a{t,zX) e^^(*'^'^) /(C) dC, 

where a is a symbol of order and (p fulfills the requirements (a) and (6). Fur- 
thermore, a and ip depend smoothly on e. By well known regularity properties of 
Fourier integral operators, we obtain that the operator A is bounded from 
to Lp for a > \l/2 — l/p\ and 1 < p < 00. We refer here to [23] and [21]. This 
completes the sketch of the proof. 

4.4 Reduction to an estimate for the local part of the 
kernel, part 2 

We now exchange the indicator function Xb by a smooth variant of it. Let Xb G 
C°°(R^), with 

Xb{x' ,u' ,x,u) = 1 for all {x' ,u' ,x,u) G supp Xb 

and ^ 

Xb{x', u , x,u) = for all [x' , u', x, u) with (x, u) ^ -B4(x', u). 

Xb is a smooth function supported near the diagonal {x,u) = {x',u'). 
Put 

n := {{x,u) E R^; |x| < 2^i}. 

Proposition 4.5. To prove the theorem, it suffices to show that for all a > 1/2 

the operator 

f^j XBKh.^iG){x',u', ■ , ■ ) f{x',u') dx' du' (4.15) 
is hounded from Lp{Q) to Lp(lEl^) for every 1 < p < 00. 
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Proof. Let a > 1/2. We assume now that the operator defined in fl4.15p is 
bounded from Lp{Q) to Lp(R^) for every 1 < p < oo. By Proposition 14.11 we 
have to show that there exists a constant C with 

sup / \XBKha[G)ix' ,u' , x,u)\ dx du < C. (4.16) 

a;'<%,-u' J 

Since a > 1/2 we can choose an e > such that a — e > 1/2. Put a' := a — e. 
Since we known from Proposition 14.11 that the kernel (1 — XB)Kf^a' has bounded 
Schur norm, we get that the operator h"' (G) is bounded from Lp{Q) to Lp(R^) 
for 1 < p < cxD. 

In [19] it was shown that (1 + L)~^6q is in Lp for some p > 1 and that 
(1 +L)~'^6q is rapidly decreasing away from the origin. By the transfer principle, 
Proposition II. H we get that the function 

lies in Lp and that the function 

fx',u' ■ (^'^) ^ K{i+G)-4x',u\x,u){l- Xq){x,u), 

lies in L2. Now, by applying the operator h°'' (G) to the functions and f^,^^, 
for < Co, Co a constant, we get 

||r'(C)/,V||,<C, \\h^'{G)f!,J\2<G 

with a constant C only depending on Co, p and a. Since 

Kh'-(^G){x',u,x,u) = h"^' {G)f^'y{x,u), 

and since the function {x,u) 1— Xb{x',u',x,u) is in Li, with norm bounded by 
(1 + for every {x',u'), there is for every Co > a constant Ci > with 

sup / \XBKha(^Q)(x' ,u' , x,u) \ dx du < Ci. 

|a:'|<Co,n' J 

This gives us the assertion (14.161) and proves the proposition. □ 

With slight modifications of the proof of Proposition 14.51 we can also show 
that the Conjecture 14.31 together with the assumption (I4.15P implies that for 
every 1 < p < 00 the operator exp {iVG){l + G)~°/2 extends to a bounded 
operator on Lp(R^), provided a > \ l/p — 1/2|. 



61 



5 Preparations 

5.1 Dyadic decomposition. 

We have seen in Section 13.11 that the spectrum of the Grusin operator hes in the 
union of the rays 

:= {(eA,r); r = (2n + 1)A, A > j, e := ±1, nefio 
^oo:={(0,r); r > 0}. 

This is the joined spectrum of the operators G and ill. Since G is a positive 
operator, the spectrum of G is contained in IJneWo ^ri,i U ^co- 
in Section fTTil we have studied spheres belonging to the optimal control metric 
associated to G. This gave us a description of the singularities of the distribu- 
tion kernel of cos(a/G). The singularities lie in a rather complicated curve, that 
contains many, for x' = infinitely many, edges. 

In this section, we decompose the integral kernel of in a sum of integral 

kernels j such that these parts of the integral kernel coincides, in some way, 
with the edges in the singular support of cos(a/G). 

Roughly, for every {k,j, e), we choose a rectangle in the joint spectrum of iU 
and G of length 2^ in the n-direction and length 2'^^~^ in the A direction. e(2n + l) 
corresponds to the spectrum of —iGU~^ and A to the spectrum of iU . The dyadic 
operators with integral kernels K^- are of the form h"'{G)X2k-jj{iU)Xj{—iGU~^) 
where A" is a cut-off function. Since G = {iU){—iGU~^) we can compute the in- 
tegral kernels of these dyadic parts by the functional calculus of iU and —iGU~^. 

The Fourier transform gives us a spectral decomposition of iU and in Chapter 
|3]we derived the spectral decomposition of the operator —iGU~^ as a sum over 
singular integral operators Vn,f We get an explicit formula for the integral kernel 
Klj{x', u', X, u) away from the diagonal u' = u. 

By Proposition 13.11 the operator h"{G) can be decomposed in the following 

way 

OO „QQ 

h"{G)f =J2J2 ^"((272 + 1)A) [Vx,n,ef] dX. 

e=±l n=0 

Let A'j, j G Z denote a dyadic decomposition of unity on R"*". Define now 

OO „QQ 

HIJ ■■= Yl / + 1)A) X2k-AX) X,{2n + 1) [Px,n,ef] dX, 

for j e INo, keZ, e G {-1, 1}, A > 0. Since 
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on the support of hlj, we have hl j = 0, unless 2'^ > N/A. So, if we fix any 
fco ^ 1, we may choose sufficiently large so that 

h'^{G)= ^Ir (5-1) 

e = ±l 
k>kQ, iSMg 

Furthermore, we choose sufficiently large so that we can delete the factor 
(1 — ?7)( ■ /N) in /i". In the following, we use the abbreviation i = 2k — j. Define 

Then 

Xi{X)Xj{2n + 1) = 2^'" ((2n + 1)|A|)""^^ Xe{\) Xj{2n + 1) 

and 

h'^{{2n + 1)A) Xj{2n + 1) 

= {{2n + l)A)~"/2 eV(2«+i)^ A'^(A) A'_,.(2n + 1) 
= 2-"^= eV(2"+i)^ ^^(A) ^^.(2n + 1). 

Since X is of similar type as A", we shall again write X in place of X. Observe 
that 

°° /"OO 

?=±1 n=0 

and hence we get with Corollary 13.21 

EIJ = 2--' + 1)) 7:(^f/) iVlf) 

I=±l n 

= 2-"^^A',(2n + l)7;(^f/) (P:/), 

n 

with 

7^(A) := A',(eA) eV(2"+i)l^l. 

We denote the integral kernel of the operator H^. j by Kkj- Away from the diag- 
onal, j is given by 



OO 

X 

n=0 



27r 

OO 



J2 ^jC^n + 1) / P^{x', 0,x,u- s) eV(2"+i)l^l Xe{eX) e~'^' dX ds. 

„_n ^-oo 



5.2 Integral formulas for Kkj 
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We put 

^^(s) := — r eV(2«+i)|A| ;t',(eA) e"'^^ dX. (5.2) 
27r 

Then <^ll{s) = $i„(-s) and 

i^^,^.(x',0,x,M) = ^Xl'^^'^^n+l) / P^(x',0,x,M-s) $^,Js) 

n=0 "^""^ 

Since P~^{x', 0, x, u) = P^(x', 0, x, — u) and $^^(s) = $^„(— s) we get 

Hence we can restrict to the case e = 1. Put 

Kk, := Kir 

Thus, to prove the theorem it suffices to show the following proposition. Recall 
that in the previous section we have defined 

n ■= {{x,u) e R^; |a;| < 2^i}. 

Proposition 5.1. If a > 1/2, then 

^ \\XBKkj\\(Lp(n),Lp) < oo. 

fe>feO, j>0 

for every p, 1 < p < oo, where \\K\\{Lp{n),Lp) denotes the operator norm of the 
integral operator f ^ J K{x', u', ■ , ■) f{x', u') dx' du' from Lp[Q) to Lp. 

5.2 Integral formulas for Kkj 

In this section we completely follow the proof of Miiller and Stein. More exactly, 
we reproduce the Sections 1.2 and 2 of [19]. The only difference here is that we 
do not have translation invariant operators. Of course, we use our formulas for 
the spectral projection operators Vn we derived in Section 13.11 and Section 13.21 

Recall the definition of 

-I poo 

$i^^(s) := — / eV(2"+i)|A| e-'^' d\. (5.3) 

We define := 
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Lemma 5.2. Let f G C^(R) be supported in [1/2,2]. For every N E there 
exist functions /o, • • • /at G C^(R) supported in [1/4,4] and G C°°(R^), such 
that for {a,b) G with \ {a,b)\ > 1 



N 



/oo " 

where En satisfies 

eP = 0(|(a,6)|-^/2-^), for every a G IN^. 

Proof. Miiller and Stein (TH], Lemma 1.4. The proof bases upon the method of 
stationary phase. □ 



We may apply the lemma to $£,n, since ^(2n + 1)2^ ~ 2*^ > 1, and obtain 

'2n + 1 1 



TV 



u=0 



2' 2uJ (5.4) 



+ 2^E^(v/(2n + l)2^2^+in), 



with fu and i?7v as in the lemma. Put a^/ '■= a/ (2n + 1)2^. Since a„^^ ~ 2*^ and 
since 



the i/-th term in (15. 4p is given by 



-1/2-u 7 1 lM + 2n 1 



2^ 2u)' 

with fnu{x) = x^/"^^" fu{x). Since /j, is of the same type as f^ and we only have 
to sum over finitely many v we may reduce to the case where is either of 
the form 

with / G C^(R) supported in [1/8, 2] and v G iVo, or of the form 

{b) 2^ E^(a„,,,2^+^). 

First we study the case (b). 



5.2 Integral formulas for Kkj 
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Miiller and Stein showed that the corresponding operators with convolution 
kernels 

where is the kernel of the projection operator on the Heisenberg group 
and $2/c-j,n is given by (b), are Lp bounded for 1 < p < oo. Furthermore, they 
showed that one can sum up all Lp-operator norms for a > 0. Observe that 
a > 1/2. Hence the operator with convolution kernel K := ^ Kkj is bounded 
on Lp for 1 < j9 < oo. 

Let 71 be the representation of Hi with 7r(L) = G. We mentioned in Section 
11.31 that one can transfer estimates for operators on Hi to operators on R^. By 
transfer methods the operator with integral kernel K := Ylkj-^kj, where K^j 
is given by 

2—ak roa 

Kkj{x\ u', X, u) = — — ^ Xj{2n + 1) / Pn{x' , u\ x,u- s) $£,„(s) ds 

n=0 -J-^ 

and is given by (b), is bounded on Lp. Furthermore, also the operator with 
truncated kernel XbK is bounded on Lp. We do not want to go in the details 
here. There is one difficulty. One can use transference, usually, only for bounded 
measures and the convolution kernel K is not bounded. We just want to mention 
an argument that one has to use, to make the transference principle work. 

We take a dyadic decomposition of unity -0' in the following way. Put 

\j\<r, \k\<r 

where X is chosen as in section lSJl We define ^'^ := G^^{ipr)^ where Q is the Gelfand transform 
for the algebra of radial functions on Hi. Furthermore, we put := 7r(\E'^). Then the set 

X := {<i>^(/); / e Co°°(R2), r e Mo, e = ±1} 

is dense in Lp(]R^). Now we define the operator A on Lp(]R^) by 

A{^lf):=J2^{Kk,,*K)f. (5.5) 

By transfer methods we can deduce that 7r((/)^ * ^k.j) is bounded on Lp, since * Kk.j is 
a bounded measure. The convolution kernel of the original operator j on the Heisenberg 
group is given by Q^^{4>k,j) where 4>k,j = (A,n) i— *■ (pk.ji^jn) has compact support in A with 
A ~ 2'^^^^ (compare [H], section 1.1). Thus we can localize the Fourier transform of <i>f_„, given 
by (b), to the same region. Hence for every (r, e) there are only finitely many fc, j we have to 



66 



5 PREPARATIONS 



sum up in (|5.5p . Therefore, the operator A is bounded on Lp. But A is equal to the operator 
with integral kernel K. 

The case that is given by (a) is left. 
Since 

X,(2n + 1) = 2-'/'-^'^ x,(2n + 1), 

with X of similar type than Xj, we only have to prove the following proposition 
instead of Proposition 15.11 We have exchanged a by the critical index m. 

Proposition 5.3. Suppose that K^j is given by 

Kkjix', 0, X, u) := 2""'^ Xj{m + n) P„(x', 0, x, u/2 - s/2) „(s) ds 

with 

/ G Co"^(R) supported m [1/8, 2], x G C'o'^(E^) supported m [1/2, 2], Xj = x{2~^ ■ ) 
and k > sufficiently large. Then for every e > there exists a constant with 

sup V \\XBKk,j{x',0, ■ , • < a 2^'. 

Before we prove Proposition 15.31 we do some more reductions. Let x ^ C*o" 
with x(^) = 1 fo^^ 1/4 < X < 16 and supported in [1/8,32]. Since Xji"^ + 
n)^k,j,n{s) = 0' unless 1/4 < 2'=-Js < 16 

Xj{m + = Xj{m + n)x(2'="^s)$fcj- 

Moreover, writing 



„/ m + nl\ /, fm + n n\\ 



with (yf smooth and supported in [log 1/16, log 2] C [— 7r,7r], we see that 

22fc-is2y 

where 



a, = 0(|z/|-^), (5.6) 
for every G IN. By the definition 

Kk,j,u{x\ 0, X, u) := 2"'"'= X,{m + n) j Pn{x', 0, x, u/2 - s/2) $fc,,,n,.(s) ds 



5.2 Integral formulas for K^j 67 
we get 

V 

By defining X{v){.s^ '■= we still have X(u) ^ C^cT supported in 

[1/8,32]. Furthermore, 

llxSlloo = 0((l + |Hr), (5.7) 

for all a G IN and 
We define now 

and get X(u),jij'^ + n) = 2~^^'^{m + nf^Xjij^ + '^)- Thus, 

By inserting the formulas for ^k,j,n,u, we obtain 
KkjA^', 0, X, u) := 2-™'^ ^ A-.^m + n) 

n 

X / P„(x', 0, X, (m - s)/2) „,^(s) rfs 



n 

X / xh(2'-^^5) (2-'"^P„)(x',0,x,(n-s)/2)e^('"+")/^ds. 



Now we need our explicit formulas for P„, which we derived in Chapter [3l We 
have 

Pn{x',0,x,{u-s)/2) = C[Qn-Qn-2]{x',0,x,{u-s)/2), (5.9) 

where 

Qnix', 0, X, {u - s)/2) = (g+ + g"^ e— )- ^"^^ + "^^^ " ~ 



(x2 + Xi^ + i{u - s))"/2+m+l ' 

Qn.m is given by 



£=0 



y(., Ai<^ + m + l)Tin-i + m + l) ,2,, 
Z^^W^J r(£ + l) T{n-i + l) 
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where X G with X{x) = for x > 3/4. Furthermore, is similar to the 
function q'^ := q+^. a is given by 

2xx' + iw 

^ = . (5.10) 



(u — s 



\2' 



with w = (x^ — x'"^)^ + {u — s)^ and i? = + x'^. Define now 

, , , , f Rw — 2xx' (u — s) \ 1 

u;^(x , X, u, s) = arctan — — — — — + - 

\R2xx' + [u — s)w / s 

and 



_, , , { Rw + 2xx'{u — s)\ 1 

uj (x , X, M, s) = - arctan — — — + -. 

\R2xx' — [u — sjw/ s 

arctan denotes the branch of tan~^ taking values in [0,7r], since \Rw\ > \2xxiu\ 
and thus the imaginary part is always positive (compare (13. 7p and (13. 8p ). Observe 
that 

_, , , / / Rw — 2xx' (u — s) \ 1\ 

UJ (x , X, —u, —s) = — arctan — H — 

^ ^ V \R2xx' + {u- s)wJ s) (5.11) 



— UJ^{x' , X, u, s) 



holds. We define 

Q±(x',0,x, {u-s)/2) ■=q^e 



(x2 + Xi^ + i{u - s))«/2+m+l 

and P^ := + Qn-2- ^y these definitions we get 



Q± ^i{m+n)/s _ Q± gi(m+n+l)/s ^-i/s 



(X^ + Xi^ — i{u — g))"/^ i^rn+n+l)/s -i/s 

(X2 + Xi2 + i{u - s))"/2+-+l 



= Qn 

By (CTID a nd (jSIIID, we find out that th e term Q-(x',0,x, {-u + s)) e^("^+")/^ 
is similar to Q'^{x' ^ 0, x, (m — s)) e*('"+"-)/*. Since we are interested in Li-norms of 
Kkj^iy and by (15.81) . we only have to consider in our estimates to come. In 
fact, if we define K^j ^ in such a way that it only involves +-terms and K^j ^ so 
that it only involves — terms, we deduce from the Li-boundedness of K^j ^ the 
Li-boundedness of K^j ^. If we now exchange n by — u and s by — s we get the 
Li-boundedness of K^j^. 



5.2 Integral formulas for Kkj 
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Furthermore, define 

Cu,,mi^',^,^,s) := J2xMA^ + n) 2-^^ e^(n+™+iV^ (5.12) 

n 

Thus, 

n 

X / Xiu){2'-'s) (2-™^g^)(x',0,x, - s)/2) e^^'^^")/^ 



(5.13) 

2k/2 2(m-l)(i-fc) 

Cj,,™(^', ^, 5) ^^^^ ^2'=-^s) ds. 



(i?2 + (M_s)2)(m+l)/2 

In order to simphfy the notation, we only consider u = from now on. Our 
estimates for Kkj,,y are depending on estimates we get for C^j^m Citj,m-i- For 
C^j,m I'esp. C^j m-i ^6 estimates in Proposition 13.91 and Proposition [31101 

These estimates only depend on 4 derivatives of X^,. And hence, by (15. 7p . these 
estimates are bounded by 0((1 + |z/|)^). Since Qi, descends as fast, as we want (see 
(15. 6p ). it will be clear, at the end of our proof, that it suffices to show estimates 
for u = 0. Put 

Cj,m ■ Co,jr,m- 

Hence we get, with this new definition and by (15.131) . that 

2fe/2 2Cm-l){i-fc) 

^Y.Xio)A^ + n) I X(o)(2'=^^'s) (2— ^■g±)(x',0,a;,(«-s)/2)e^(-+'^)/^ds 
For Qt-2 we get 

Q+ gi(m+n)/s _ + ^i{{n-2)+m+l)ui ^i/s ^-i{m-l)cT I _R _(_ I . 

71. 2 ^^Th 2 I I 

Observe that 

Xj{m + n) = Xj{m + n-2) + 2-\2^ X^{m + n) - 2^ Xj{m + n - 2)). 
Now let X^{x) := 2^Xj{x + 2) - 2^Xj{x) = 2 X'{{x + 2- 2t)/2^) dt. Since this 
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function has similar properties as Xj, we obtain 

n 



+ _ s)2M™+1)/2 e e ^^^^j' 



(/22 + - s)2)(™+l)/2 

with Cj^m of the same type as Cj,m- From now on we denote Kkj^ again by Kkj. 
Thus, 

0, X, m) = ^ C 2'=/^ 1)0-^) 

(i?2 + (^_,)2)(,.+l)/2 e )e (5.14) 



(i?2 + (M-s)2)(™+l)/2 

For the region where wi^s) is small we use f l3.13p and obtain 



(a;2 + xi2 + i{u - s))"/2+"^ 
with g+,„„i given by 

^^^'/"^r(£ + l) Tin-E+1)' ■ 



and g„m_i similar to qn,m-i ■= qtm-i- Put 



p+ _ „+ „mo- (X^ + Xi"^ iuY^"^ i(^rn+n)/s -i/s -i{m+n)/s 

■ yn.m— 1 /•) , _ 9 , • \n l9J^m e C 



Then 

Thus we obtain a second formula for -R'fcj- -^fcj is given by 



{m-3){j~k) 



y (i?2 + _ ,)2)W2 ^ 



5.2 Integral formulas for K^j 71 
with 



Cjfm-i(a:, xi, u, s) := Xj{m + n) 2""^ e 

n 

and some constant C. 

We now distinguish the cases when j — k is small and when k — j is small. 
We define the constant by 

Furthermore, recall that we have to integrate K^j over the set 

O(x') := {(x, u); |x - a;'| < 2^o, |^^| < 2%{2 +\x'\)} (5.17) 
and that < 2^i. 

isTfej for the case 2^"^ < 1/^2 

Let p G such that p{x) = 1 for \x\ < 2^^ and p(x) = for |x| > 2^^. We split 
Kkj into 

i^fcj(x',0,x,M) :=2-'"'=^A',(m + n) f P„(x', 0, x, (m - s)/2) rfs 
=2-™'=5^A',(m + n) /" P„(x',0,a;,(n-s)/2) (1 - p)(2<^-^)|i;(s)2) cis 

+ 2-'"'= ^ ^'.(m + n) /" P„(x', 0, x, (n - s)/2) p(2^('=-^)u;(s)2) ds. 

We use integration by parts in the second term. We find that Kk,j is a sum of 
terms of the following types 

2-mfc ^^^^ I p^^^,^ ^ _ ^)/2) 

n >^ (5.18a) 

X (1-p)(2^('=-^)m;(s)2) rfs, 

2-^fc+2fc-i ^^.^^ _^ ^) /■ _ ^^)/2) „(s) 

n J (5.18b) 

X p(2^('=-^)w(s)2) 

and 

2-mfc24(fc-.) y^^^.(^ + ^) /"p„(x',0,x,(n-s)/2)$fc,,,„(s) (u - s) 

n J (5.18c) 

X p'(2^('-^)tf;(s)2) ds. 
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We have seen before that it suffices to consider only +-terms, since we get the 
Li-estimates for the — terms by exchanging u with —u and s with —s. To make 
our notation simpler, we put u := uj~^ and Cj,m := Cj~,m- Observe that 

oo 
n=0 

R2xx' + (n — s)tf; =p — 2xx'{u — s)) 

i?2 + (t _ s)2 

~ R2xx' + {u — s)w =p — 2a;x'(n — s)) 

i?2 + _ s)2 

with := ^j^m e^*'^ of the same type as Q. Since < 1 we can write f l5.18ap . 
only considering the +-terms, as a finite sum of terms of the following types 
(compare (15.141) ) 



2^/2 2(m-l)(j-fc) 



Cj,m('^ ; -^j 
(/22 + (u-s)2)(™+l)/2 



i^2xx^ + (m - g)w + ei(i?w - 2xxXm - g)) 

i?2 + - s)2 

X (1 -p)(2'^('=-^')m;(s)') X{2''-^s) ds 

with e = ±1. We can restrict to the case e = 1, since the second case is similar. 
For (]5.18bp . only considering the +-terms, we get (compare fl5.15p ) 

2-mfe+2fc-, + n) y i?+(x',0,x, {u - s)/2) $,,,,„(s) p(2^('=-^)w;(s)2) ds 



cykji 2(m-3)(j-fc) /" Cj,m-l(3^^ a:, M, 3) 

(i?2 + (m - s)2)W2 



p(2^('="^)u;(s)2) A'(2^"^s) rfs. 
And for the last term fl5.18cp . only considering the +-terms, we get (compare 



n] 



X / RtXx',0,x, (u - s)/2) $fcj,„(s) {u - s) p'{2^^'-^^w{s)^) ds 



2k/2 2(m~5)(i-/c)-j f Cj,m^l(a^^ 3^, U, s) 
J (/22 + _ s)2)m/2 

p'(24('=-j)y;(s)2) X{2''~'s) ds. 



5.2 Integral formulas for Kkj 
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We now replace x by 2^^ '^'^/^x, u by 2^ '^u and s by 2-' ''s. Furthermore, we 
set Xi := 2'^^~'-^^l'^x' and define 

a:, := ^ xA^ + 2™^' e^(«+™+i)^(«) 

n 

and 

n 

with 

, , f Rw — 2xxi{u ~ s)\ 2^~^ 

09 S :=arctan ^ + • 5.19 

' \R2xxi + {u- s)w) s ^ ' 

Hence we have to study the following terms. 



p, Yt-, t 11^ — 9'=/2 O^U-'') f Ck,j,m{xi,X,U, s) j(„,+i)^ 
' J (i^2 + (^_5)2)(„^+3)/2 e 

X (i?2xxi + (n — s)w — i{Rw — 2xxi{u — s))) 
X (l-p)(2'('^^^)u;(s)2) A'(s) ds 



for (l5T8iIl l. 



for (]5.18bp . And at last 



(5.20a) 



Gfc,,-(xi,x,n):=2^^/2 2(™-i)(i-fe) 

X / ^t-^^ ^"^^^ P(2^^-^)M.)^) m ^'-'"'^ 



for (1518a . 

Kk,j for the case 2^"'= > % 

In this case we only use formula 05.151) . Thus we have to study 

G.,(x,x„.) :=2^/^ 2(--)0-^) I e— A'(.) rf.. (5.21) 
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5.3 Calculations for the phase function ip 

In this section, we study the phase function ip in Cfc,j,m resp. Cfc,j,m-i- This function 
was defined in f l5.19p . In the next chapter, we estimate F^j, Gk,j and Hkj by 
partial integration, hence we have to study the first and second derivative of (p. 
We use the abbreviations 



R:=x^ + Xi'^, w := \/ - 4(xxi)2 + {u - s)^. 



a := ^ + {u — s] 



2 



Let 



(/9o(s) := arctan 
^{s) := arctan 



u — s J s 
/ Rw - 2xxi{u - s)\ ^ 2^~^ 
\2Rxxi + iu — s)w 



Some easy computations yield 
OsW{S) = —{u — S) 



' ((x2-Xi2) + (n-s)2)l/2^ 

OM{S) = —iU — S 



ds(p{s) 



a'"' ((x2 + xi2) + (m-s)2)V2' 

R 2^-^' 

i?2 + (m - s)2 " 

Rw-2xxi{u-s) 2^~^ 

(/?2 + {u- S)2)W ~ ^ 



2 ' 



Rw^^{u — s) + 2xxi 



a?w 



Rw — 2xxi(u — s) , , , . 9 1, ^\ 2^^ 
^ 2 M - s V + a'w-i M - s)) + 2—- 



Remark. For xi = 0, the phase function is the same than in the Heisenberg 
case. We have 



(p{s) = arctan 



R \ 2^"^' 



5.4 The change of coordinates 
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Lemma 5.4. // s ~ 1 then 

\dsifis)\ <c2^-'J +2a-^ 

and hence 



Proof. Follows easily since |ti — s| < w and w < a and thus 



5.4 The change of coordinates 

Let 

^(s) := arctan 

Then 



/ Rw — 2xx\{u — s] 
\2Rxxi + {u — s)w J 

Rw — 2xxi{u — s) 
{R^ + {u- sY)w ■ 

The following change of coordinates turns out to be useful 

Rw — 2xxi{u — s) {R^ + {u — sY)w 

X '.= -r^ : ^ — , y '.~ 



dsip{s) 



2Rxxi + (u — s)w 2Rxxi + (u — s)w ' 

s := s, ip{x, u, s) := {X, Y, s). 

Observe that sgnX = sgnF. Some easy computations show 



,2 



\2Rxxi + {u - .s)w\ ' " {X)' 
Rw — 2xxi(u — s) X 



+ (u - .sy)w Y 



{X), w 



\Y\ 



□ 



(5.22) 



One can compute the inverse of this transformation by solving a third order 
equation in and a second order equation in u. But unfortunately we have no 
simple solutions for these equations. 
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Nevertheless, we have a simple expression for the functional determinant in 
the new coordinates. 



det{^|J')\ 



, I w\2xxiR + {u — s)wf 



a'^\2x^ — 2xx\ + 2x{u — sY — 2xi{u — s)w\ 
\Y\ 1 



(5.23) 



2(X)3^|XF-xi2X2|' 

This calculation will be done in the following two lemmata. 

Lemma 5.5. The following equation holds 

,1 w\2xxiR + {u - s)w\^ 1 
\det[ij)\ = 



\Y\ 



2x^ — 2xx\ + 2x{u — sY — 2xi{u — s)w\ 

^2 



(X)4 \2x^ - 2xx\ + 2x{u - s)2 - 2xi{u - s)w\' 

Proof. The proof is elementary but complex. For these computations an algebra 
system like Maple is very useful. □ 

Lemma 5.6. The following holds 

n^^o {2x^ — 2xx'^ + 2x{u — sY — 2xi{u — s)wY 
XY - xi = 



4:{2xxiR + {u- s)w) 



Remark. For xi = we get XY = m^Hu-s?) _ 



Proof. 



2 2 {Rw — 2xxi{u — s)){{u — sy + R )w 2 (-^^ ~ 2xa;i(n — s))" 



[2xxiR+ [u — s)wY [2xxiR + [u — s)wy 

{2x^ — 2xx\ + 2x{u — sY — 2xi{u — s)wY 
~ A{2xxiR + {u - s)wY 

As before, an algebra system is very useful for these calculations. □ 

Thus we get 

\ ^ ^'^ >\ ~ a4 \2x^ - 2xx\ + 2x{u - sY - 2xi{u - s)w\ 

w\2xxiR + {u — s)w\'^ 1 
~ 2^^ ^J\XY -xYW\ 

w I IFI 1 



2{XY ^\XY - xYX^\ 2{XY ^\XY -xYX^\ 
and we have proven equation fl5.23p . 



5.4 The change of coordinates 
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Remark. For xi = we use the same coordinates as in [19], i.e 



u — s u — s 

The functional determinant 

\Y\ (X) 



det(V^')l 



2{X)^,/\XY\ 



is, of course, also the same, except for the extra term {X) / y^\XY\ = i?^^/^, 
which reflects the fact that our manifold has one dimension less than the 
Heisenberg group Hi. 

o 

In Section fL^ we mentioned that the case Xi 7^ is much harder to understand 
than the case Xi = 0. Here is one reason for this fact. Our coordinate transform 
we have to use is much more complicated for xi 7^ as for xi = 0. 

As far as we know, there is no easier transform that allows us to estimate the 
Li-norm of the kernel K^ j properly. 

To see that we really can use this transformation, we have to take a closer 
look at the inverse of it. Though we can not hope to get an explicit and 
useful formula for we are able to show that ip can be restricted to a finite 
number of sets Qn such that ip\n„ is invertible. Hence we are allowed to use the 
transformation formula. 

Observe that by fl5.22p we get the following equations for m = m — s 

IXI Rw — 2xxiu 



{X) i?2 + ^2 



y2 



(5.24) 



From the first equation we deduce 



R\y\ o o oixy (X) 

This together with the second equation from f l5.24p gives us for e G { — 1, 1} 



{xy 
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which imphes 

/ 9 9 9 9 W^ ( y 9 9 9 (^)S 9 9^^ 

( (Xp + ~ Sk'^x) '\^X~^^ x'x\^)x'x\ ^ = 0. 

But this an equation of third order (due to l{^x^x\ = {x"^ + x'D'^x'^xl) in x"^ and 
hence can be solved. 

Now, for a given (x, u), one can find a locally defined function ip^i with 

/Rw-2xxiu {R^ + u'^)w\ 2 

t/-.! X, r = — — ^, — = a; 

\2Kxxi + uw Inxxi + uwJ 



and hence a; = sgn(x)^-?/'_i(X, F). In addition, 

y V(^)' - (V'-il^, + x\f + 4^_i(x, = 

and u = sgn(u) v/l'V(X)2 - F) + a;2)2 + 4V'-i(X, F)^?. 

Furthermore, there is a finite number X, a measurable set fio of measure 
and open sets . . . , f^Ar such that IJ^=o ~ ^ ^^"^ "^b™ ^ diffeomorphism 
for every n G {!,... ,iV}. On all these sets we may apply the transformation 
formula. We obtain the following proposition. 

Proposition 5.7. There exists a constant C such that for every measurable 
/ : R3 ^ C with (X,F,s) ^ f{X,Y,s)\Y\ {X)-^ \XY - Xi^X^^''^ G Li(R3) 

j \ f{X{x,u,s),Y{x,u,s),s)\dx du ds < C J \f{X,Y,s)\\det{ip')\"^dXdY ds 

= C [ \f(X,Y,s)\ I'^L , ^ dX dY ds 



holds. 
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6 The proof of Proposition 15.3 

Define 

0(xi) := < 2('=--')/22^o, |m| < 2'=-Wo(2 + 2^i)}. (6.1) 

To prove Proposition I5■3^ we now show that the following two estimates hold 
(compare (15 ■171) ). 



(1) For every e > and for all A G {F^j, Gkj, H^j}, defined by (l5.2Uap . fl5.20bp 
and (I5.20cp . there exists a constant such that the estimate 

J2 sup \\A\\L,ioi.,)) < a 2'^' (6.2) 

holds. 

(2) For every e > and for G^j, defined by (15.211) . there exists a constant 
such that the estimate 

J2 sup ||G'fc,,|U,(o(.,)) <C.2^^ (6.3) 

holds. 

Unfortunately, we cannot express 0{xi) in the new coordinates. We only have 
to integrate over such X and Y so that for given s and Xi the corresponding x 
and u, with X = X{xi, x, u, s) and Y = Y{xi, x, u, s), are in 0{xi). For this we 
write 

[ ... dXdY. 

6.1 Some integrations in the new coordinates 

Before we prove the assertions (16.21) and (16.31) . we show a few technical lemmata 
concerning integration with respect to new coordinates X and Y. 

Lemma 6.1. The following estimates hold true 
(a) _ 

\Y\ 



V\Y^^^?X\ 

co<\Y\<ci 



dY < ci, 



^ ^ rfF<l + logf^ 



irl J\Y-xi^X\ ~ Vco 

co<\Y\<ci " 
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Proof. This estimates follows easily by the transformation Y Y/{xi'^\X\). In 
fact 



r ^\Y\ ^Y = x^\X\ I 

J J\Y-x.^X\ J 



^J\Y-x,^X\ J ^\Y^\ 

co<|y|<ci ^ co/(a;i2|X|)<|y|<ci/(a;i2|X|) 

For x\\X\ < 1 we get for |y| < 2 the bound x\\X\ c < ci and for \Y\ > 2 
we get x\\X\ Ci/{x\\X\) = ci. For > 1 we get for |F| < 2 the bound 

ci I\Y\<2(V\^\V\^^\y' dY < ci. and for \Y\ > 2 we get xl\X\ ci/(x?|X|) = 
Ci. This gives us estimate (a). For (b) observe that 

' dY^ ! ' , ' dY 



\Y\^\Y~Xr^X\ J v^v^T^ 



0<|y|<l/2 _|il_<|y|<_^, |y|>2 y~i 

<1 + log (- 

holds. □ 
Lemma 6.2. fa) For all e > 



I fJ- — <c^">i-«2r^/^+- 

J J\Y-aA 



\Y-a2\<c 

holds with a constant not depending on ai, 02 and c. 
(h) For all€>0 



J \Y-a2\ ^\Y -ai\ 

\Y-a2\>c 

holds with a constant not depending on ai, a2 and c. 



Proof. 

— , dY = / \/|ai — 02! , dY 

\Y~a2\<c |y|<c|ai-a2|-i 

For Y 1 the integral is bounded by c^~^|ai — 021^^/^^*^. 



6.1 Some integrations in the new coordinates 



81 



For y ~ 1 we have 1 ^ C"^ "^l^i — 02] Since the integral converges we get 



For y ^ 1 we have a/]1^^^T[ > a/I^ | > 1^1*^. The integration gives us the 
bound c^"*" \ai — 02!"^^'' y/ai — 02- Thus (a) holds. 



\Y-a2\ J\Y^\ ~y y\Y\J |ai-a2|V2-e 

\Y-a2\>c 

For Y <^ I and y ~ 1 we get by integration c^~'^\ai — a2\~^^'^~^^- 



For y ^ 1 we have \/Y — 1 > vy and the integral converges. We get ^\ai — 
Lemma 6.3. Let e > anc? Ci an arbitrary constant. We define 



i/jkj{X,s) :-- 



r/ien there exists a constant C such that for all j and k, with 2^ ^ <Ci, and all 
X G R the estimate 



\j ^k,j{X,s) X{s)ds\<C 



holds. 

Proof. Put z := arctan(X) G [0,7r]. Since supp A" C [1/8,32], we have 

< 2^-^ (1 + 2^^^) ! ^!-^T— ds < 1 

(compare Lemma 3.1 in [I9]). □ 
Lemma 6.4. Lei j G INq wzi/i 2^"^^ < ^2- T/ien 

/:= I i'kA^,s)^=^^L== X{s)dXdYds<l 



0{xi) 

holds. 



Proof. In this case we have y ~ 1, {X) ~ 1 and |X| < 2^ ^ . We consider the 
case |y| < 2x^|X| first. Since < 2^~\ we get 

2(^-^)/2 / i^kAX, s) I = Xis) dX dY ds 

y~l, \Y\<2xl\X\ 



< 2^'-^^' J ^,,(X, s) Xis) dX ds. 



I^l<i 
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For |X| < 2^^ ■'j we do the s-integration first and obtain 

2(A,-i)/2 2i"fc / dX <1. 



'|X|<2''-J \/\X 

For |X| > 2^^\ we do the X-integration first and obtain 

|X|>1 ^ 

< 2(^-^)/2 20-^)/2 y ^lj^^^(X,s)dXds< j ds<l. 

Now, the case > 2a;^|X| is left. It is not difficult to see that for every x' < 
and s in the support of X there exists a set Q{x', s) such that 

Y{xi, X, u, s) e ^l{x', s), (6.4) 

for xi = 2^''~^^^'^x' and all x,u E 0{xi). In addition, there exists a constant C 
such that for all x' and s the estimate 

\n{x',s)\<2''-^ 

holds. To prove this we write 

= \^ (2fei + (u - s)w). (6.5) 

Now, we have that (X), [u — s) and w are 1 + 0(2''^^). Furthermore, u,R,xxi 
are bounded by 2^~^ and s is similar to 1. Since 2^~^ < ^2 is small enough we get 
the result. We do not want to go into the details here. For x' = this is evident, 
since in this case we have ^ 

j^ = u-s (6.6) 
and \u\ ^ 2]^~K With this result we get 

< j iJk,AX,s)^^X{s)dXdY ds (g 7) 

< '^'-^ j i^kA^, s) x{s) dx ds < 2^'^^y' < 1. 

I^l<i 

□ 



6.1 Some integrations in the new coordinates 83 

Lemma 6.5. Let e > and C an arbitrary constant. We define 
ipk,j{X,s) :-- 



(1 + 2J|1 - e^('i'-ctan(X)+2'=-V^) 1)1+6 



_ 2-i/2+i-fc(X) 

ana .— \y~2:>-''s^x\ ■ 
(a) For all j and k with 2^~^ < C, the estimate 

holds. 

(h) And similarly, for all j and k with 2^~^ < C, the estimate 

J ._2kl2+{k-j)/2 

X I jjk jjX, s)X{s) '^^^'^ }^—^dXdYds < 2^^ 

J ^ "'^ ^ ^ ^ VxJ\Y-xi^X\ (X)5/2 

S<1, 
\Y\<2j-l^{X) 



holds. 

Proof. Define pj{x) := 2^ (1 + 2^1 - e^^|)-^-^ Then 
j ^k,j{X, s) X{s) ds = j Pj(arctan(X) + 2''-^/s) X{s) ds 

since pj is a periodic function. 

(a) 

First we study tlie case Y > 2x\X or F < x\X/2. Here we liave tlie estimate 

/ < s'^/^+C^-.)/^ 2-^1^^^-' j X{s) ^ dXds<l 



Now xl\X\/2 < \Y\ < 2xl\X\ and we suppose that |y| > 4 2^-^\X\ or 
|F| < 2^-''\X\/A. We get 

J < 2*^/2+('=-j)/2 

/" V^fc .(X, s) X{s) ^ dX dY ds 

J ''^ ^ ^ ' VXJ\Y-X,^X\ (X)5/2 



^^\Y-x,^X\ (X)5/2 

|Y|<2-j/2+J-'=(X> 
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Since we only integrate where Y ~ xfX and since 

|a:i||X|l/2 < |y^|l/2 <2-./4+0-/c)/2^^^ 

we get form the F-integration 

< 2'/'"^^' J i^kAx, s) x{s) ^ (xp - 1- 

We are left with the case Y ~ 2^~^X and Y ~ xi^X. First we estimate Iv^l by 
2(i-fc)/2^^. We get 

By Lemma 16.21 (a) we obtain 

for every ? > 0. For X > 1 we get by the transformation /i := arctanX G [0, vr] 
and with ? = 

TT 



< 2(i-fc)+(i-fc)/2 



/ / Pj(/^ + ^) |2fc^,3-2^_ ^2|l/2 ^/^^^ 



s~2''-J 



s~2'=-J 

Since is comparable to 2^~^ we get 

5^2*=-^ 

= ' 7 y ^^•^^ + ^^ |.-2(^-^-)/2,-l|l/2|, + 2(^~^-)/2,-l|l/2 ^^^^ 



6.1 Some integrations in the new coordinates 
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We know that s+se: can assume that sgn(xi) = 1. 

The case sgn(xi) = — 1 is similar. We obtain 



s~2*:-J 



1 

|s + n-2(~J')/2a;-i|i/2 



For \n — 2^'^~-'^/^a;]^^| < 47r we get by integration with respect to yU 

2(^'-'=)/2 ^ y ^^.(^ + |, + ^ _ 2(fc-.-)/23,-i|i/2 

|„_2(fc-,)/2,-l|<4, 

new ' 

|s + n — 2'^'^~''^/^a;]~^|^/^ is bounded by a constant. The last integration gives us a 
one more constant. Hence we get / < 2^^'^^^/"^. 

For |n-2('=-J')/2a;-i| > 47r we get \s + n- ii-2'^''-^^/'^x^^\ > \n-2^^-^^''^x^^\/2 
and hence 

n~2'=-J, new 



< 2(i-fc)/2 ^ 



|„_2(fc-j)/2i-l|>4,r 
n~2'=-J, nSM 



|^_2{'=-i)/2x^i|V^' 



It is easy to observe that this last sum is bounded by 2'^^~^^l'^ and hence / ^ 1. 

For X < \ and for sgn(xi) = 1, which we assume, we get with similar 
arguments and arctan X ~ X 



|X|<1 



< 2i^/2+0-fc)/2 \^ I . fx + n + dX ds 



1 

S t — TT ,77 

new 



2ie/2+(i-fc)/2 /■ o.(n<s) dX ds 



new |;y,<i 
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As before we get, for \n — 2^'' '^^I'^x^ ^\ < An, 

|n-2('=-J)/2x-l|<4^,g[_^^27r] 

and, for \n — 2^''~^'>^'^Xi'^\ > 47r, the estimate 



2,./2 20-fc)/2 ^ f p^^^ + s)\n- 2('=-^')/2a;-i|-V2+. ds 

|„_2(fe--'- _1 J 

< 2^^ 



-2'=-J , new 



holds. 

The proof of (h) is very similar to the proof of (a). 
For Y > 2xlX oi Y < l/2xlX we use 

^1/2 ^ ^l/2-e/2 ^ 2i^/4+{fc-J>/22-i/2+i-fc|y _ 2i-fc52j^|-l+e/2 

and get by integrating with respect to Y . 

I<2'' I i^kAX, s) X{s) ^^y^ dX ds < 2'\ 
The case Y >A 2^~^X or F < 1/4 2^~^X. For this part we have the estimate 



Since we only integrate where Y ~ xfX and since \Y\ < 2^^^{X) we get form 
the F-integration 

The case F ~ 2^~''X and F ~ Xi^X is left. By Lemma [U7^ (b) we get 

/ < 2<'-"/' / .).,(A. .) ^(.) « 

By similar estimates as in (a) we get / < 2^"^. □ 
We get a similar result for 2^^-' < 1. 



6.1 Some integrations in the new coordinates 
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Lemma 6.6. Let e > and C < 1 a constant. We define 

2^ 



ilJk,j{X,s) :-- 



and L :— 



\Y-23-''s'^X\ ■ 

(a) For all j and k with 2^~^ < C, the estimate 



X 



E>1, X<1, ^ 



holds. 



(h ) And similarly, for all j and k with 2^ ^ < C , the estimate 

/V /W 1 
AX, s)X{s)^^^ -——dXdYds < 2^ 

''^ ^ ^ ' VXJIY -x,^X\ (X)5/2 



E <1, X<1, 

~y~i ~ 



holds. 

Proof. Define pj{x) := 2^ (1 + 2^1 - e'^\)-^-^. 
(a) 

The case Y > 2x\X oi Y < l/2x\X. For this part we have the estimate 
/ < s'^/^+C^-.)/^ 2-^1^ j .) X{.s) ^ dX ds 

Now, for |X| > 2^-^ we obtain I < 2^'''^'^/^ 2^^'''^/^ = 1, by integration over X. 
For |X| < 2^'^-', we first do the s-integration and obtain 

^ik-j)/2 2J-k f -^dX, 



|x|<2fc-j yX 

but this is bounded by a constant. 

The case Y > A 2^~^X or F < 1/4 2^~^X. Since we only integrate where 
Y ~ x\X we get form the F-integration 

/ < 2^-/2+(.-.)/2 j ^^^^^x, s) Xis) 2-^/^ (X) V^M^ _L_ dX ds 
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The case Y ~ 2^-''X and Y ~ xi^X 

Since X < 1 and F ~ 1 we get by Lemma F6.2I (a) 

Now, with arctanX ~ X and by the transformation s := 2^~^ / s, we obtain 

< 2W2+(A:-,)/2 20-^.)2e /" /" p (X + s) "^^^^^^^^j^— X'^^' dX ds 

J J '^'^ >2_2fc-Wa;2|l/2- 

Since x^X ~ F ~ 1, the factor x^^^"^" is bounded by jXl^/^"''. We assume that 
sgn(a;i) = 1 and hence \s + 2^'^~^^/'^Xi^\ > 2'^~K We obtain 

J <2W2 20-^^)^ /" /" p (X + s) ^ r-;— Cis 



2fee/2+(fc-j)/2 2j-fc 

X<1 8^2*^-^ 



X<1 s~2fe-J 



X 



X<1 s~l 



Since 2'^ < 1 there is only one summand. For |n — 2*^'^ •^^/^a;;^ ""^1 < 64, we 
compute the x-integration and get 

2fc./2 2U-k)e J2 j Pj{n + s)ds< 2^' 

|„_2('=-i)/2a;~^|<64 

For \n — 2^''~^^/^Xi^\ > 64, we get 

2W2 2U-k)e J2 J p,in + s)\n- 2{^^-^-)/23,-i|-i/2+e < 2i. 

|n_2(fe-j)/2i,-l|>64 

with a new e. 

Since the proof for (b) is very similar, we omit it. □ 
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6.2 Estimation for 2^^ < 1/^2 
Estimation of H^j 

Recall the definition of Hkj given by f l5.20cp . According to this 



X 

Let 



Ck,j,m-l{Xl, X,U, s) . , \1XX\ iwy^ //n2(k~i) i \2\ -v ( \ j 

-77$; — 7 /o - ^) P ^'w{s) ) X{s) ds. 



K(s}:=[u-s} 



^'^^y^^'" p'(2^('=-)^(s)^). 

Then a"'w-'^\K\ < {2xxi - iw)"" a-"'w-'^+^ = w^-"". 
Remark. On the Heisenberg group Hm, k,^ is defined as 

:= _ s){R^ + {t- s)2)-™/V'(22(^-^)a2) 
and we have the estimate k,^ < a^~"^. 

We know, by Proposition 13.101 that 
with 

2^ 



(1 + 2-''|l — e*^'^'=t^°(^)+2'°"Vs|^i+e" 
Thus 

Observe that for p'{s) 7^ we have 

Lemma implies that the s-integration just gives us a constant. In combination 
with Lemma 16.11 (a) we find that 

iiX, S) ^^T^rir lyj, , ^ ds dX dY 

|y|~2J-''(x> 



(X)2+l/2|X|l/2 



holds. 
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Definition of S(s) 

This was the easy part of the proof. For Fkj and Gkj we use partial summation in 
the s- variable to get the desired estimates. For this, we use a " control quantity" , 
denoted by If < 1 we "win" by partial integration a factor of size 

2-i/2_ T,(s) > 1 we use support estimates and also "win" a factor of size 
We define 

2{fc-i)/2 I 2 



Then 

Us) 



Y s2 



2 TT ^ — ; 77^ I = 2 



Estimation of Fkj 

Recall the definition of F^j. F^j is given by 

''^^ ' ^ J {R2 + (u- s)2)(-+3)/2 

X (i?2xxi + (m — s)w — i{Rw — 2xxi{u — s))) 
X (l-p)(22(^-^)u;(s)2) A'(s) ds. 



(6.9) 



Let 



{2xxi — iw)"^~^^ R2xxi + (u — s)w — i(Rw — 2xxi(u — s)) 
K s := — 



X (l-p)(22('=-J)w(s)2). 

Then we have 

^m+i < |2^^^ _ iwr+^a-'"-^w-'^-^ = w-^'-K (6.10) 

Remark. On the Heisenberg group H^, is defined by 

:= (n - s - zi?)(i?2 + (n - s)2)-(-+2)/2(^ _ ^2^{k-j) ^2^ 

and we have the estimate < a"™^^. Once more we see that the role of a on 
the Heisenberg group coincides with the role of w in our proof. 

o 
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91 



Since 

\R2xxi + (n — s)w — i{Rw — 2xx\{u — = B^c? + (u — sfa^ = 
we get 



For s in the support of (1 — p) and by (16.1 1) we have 

Co 2^^'' < w{s) < ci 2^=-^ 
for suitable constants cq and ci and cq > 64. Thus 

Co 2^-'= < X >< |F| < ci 2^-^ <X> . 
Hence |F - s^2^-^X\ > |F| for all s G supp X and 

^ o-,^ 2(^--^)/^|y| + 2^-^<x> 

< 2-J'(2(^-^)/2 + if ~ 2"^'. 
Observe that 



(6.11) 



(6.12) 



y_2i-fcs2X y ~ \ \Y\ 



and 



2-J|_| < 2"-''-p— < (2--'S)^/2 < 2--'Y2(-''-^)/2 ^ _ 2--'72^'-^ + 1) 



2-^ < ^ < 2-.K^:i±^ < ns) 



hold true. By Lemma [5.41 we have 



< 



S(s) 



and hence 



Furthermore, 



< (2-^S(s))i/l 



2-%-i 



By the definition of n we have 
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and 



Ck,j,mixi, X, u,s) = ^ Xj{m + n) qn,m{<y) 2" 



n=0 

X \ r^_^g*("+m+l)'P(s 

i(r;, + m + X)ds^ * 



with V3(s) := arctan(X) + js. Thus 



with 



2(l-m)j 



j(n+m+l)(/j 



Cfc,j,m := V A; (m + n) g„,m(a) - — ■ — e 

n,=0 ^ ' 

n=0 

We know, by Proposition 13.9^ that the following two inequalities 

(l + 2^-|^|)i+^ ^m+i ^'^.A^.^J. 

hold, with 

2^ 



(1 + 2-?|l — e*'^''^*'^'^('''^)+2''~^/'*|)i+'^ ' 
Let 

J:= [co 2^--'=(X),Ci 2'=-^-(X)]. 
By Lemma [6.31 the s-integration J ip^jiXjs) X{s) ds yields a constant. In com- 
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bination with Lemma 16.11 (b) we thus find that 



Li(0{xi)) 



^ 2k/2 2m{j~k) 



Li(0(xi)) 



/ ^'-^^ ' ^ |r|3/2 2(X)3 /|Xr-Xi2X2| 



|y|GJ 

< 2-i/2+^J / ^ — dX dY 



|y|GJ 

< 2-"^*" / (1 + log (| 2'^"=-))) jj^j^j^, dX < 2-"^-" k. 
holds. For the term involving C,k,j,m S^t the same result. This implies 



Estimation of G^j 

The proof for Gkj is similar to the proof for Fkj, except for that we have here 
a set of points for which the partial integration does not yields 2~K We use 
estimates for the measure of this set, to get also an additional 2"-'/^. Gk^j is 
defined by 



X 



with 

n 

Let 

n{s) := p(2^(-^)t.(.)^). 
Then a™ |k| < \2xxi — iw^^ a~"^w~^ = w'"^. 
Remark. On the Heisenberg group Hm, is defined as 

:= + _ ^)2)-W2p(22(^-^)a2) 
and we have the estimate < a~™. 
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For s in the support of p we have 



wis. 



and thus 
Let 

S(s) := 2-^ 



\Y\ < <X> 



= 2 



(6.14) 



ds^p 



X _ 2fc-J 
Y s2 



(20-fc)/2 + 2J'-'=u;-i)F\2 _ . /2(J'-'=)/2|r| + 2J'-^(X) 



r - 2i->'s'^X 
Since |F| < 2-'"'' < X > we see that 



Y - 2i-^s'^X 



S(s) ~ 2~^ 



2i-^{X) \2 
Y -23~^s'^x) ■ 



holds. This implies that 



\Y - 2^-^s^X\ < 2-^'/2+J-'=(X), 



(6.15) 



(6.16) 



if S(s) > 1. Now, fix a cut-off function pi supported in |x| < 2 with pi(x) = 1 
for |x| < 1. We write 

|Gfej|(x,Xi,M) = 2^/2 2(™-i)(i-fe) 

C,k,j,m^i{x,xi,u,s) k(s)(pi(S(s)) + (1 -pi)(S(s))) A:'(s) (is 



with 



1<E<2 



(is 



^2 ._ 2fc/2+(m-l)(j-fc) 



E<2 



^3 ._ 2'i:/2+(m-l)0-fc) 



S>1 



^4 ._ 2fe/2+{m-l)(j~fc) 



S<2 



Cfcj,m.-l(2;i,X, U, s) 2 j(s) 



C,kj,m-i{,xi,x,u,s) {kX){s) ds 

Cfcj,m-i(a;i,a;,M,s) 2^^ ( -){s) 

■' \W(p / 



ds 



ds 
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and 



Ck,j,m-i{x, xi, u,s) = ^ Xj{m + n) g„,m-i 



2(l+m)j 

iin + m) 



Cfcj,m-i(^> u,s) = ^ Xj{m + n) {dsqn,m-i) - 



2(l+-m)j 

i(n + m) 



Notice that 



w 



2i/2^1/2 



< (2.72^3/2 + 2^S2)|(/,'|<2^|V,'|, 
if S(s) < 1, and hence \GlJ < \GlJ. 



(6.17) 



Estimates for Glj and Gl j. 

We get by Proposition 13.91 

Cfc < 2-"^^' 2^'/2+i^ _ —— 2^' — .(X, s), (6.1^ 



with 



2^ 



(l + 2J|l-e^^|)i+^' 



By Lemma 16.5( a) we deduce 



2fc/2 2(— / Cj,m.~i{xux, u, s) k{s) X {s) ds 



<X>i/2 \Y\ 



E(s)>l 
<2fc/2+ei 2(ni-l)(i-fc) 



X / ^fcj(X,s) 



S(s)>l 
_^^k/2-l+ej 2(m-l)0-fc) 



|F|V2 2<X>3^|XF-xi2X2| 



rfX dY ds 



S(s)>l 



1 

IXF - xi^X^ 



dX dY ds 
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Estimates for Glj and G^j. 
We know by Proposition 13.91 

TTl O 7 777, 

Ck im-1 < 2""' 2-^'/2+i^ — —— 2^'^— iiX, s) 

^"'^'^ (1 + 2J|V9|)1+^ y;m "^fe'jV 5 J 

with 

2^- 



(6.19) 



(l + 2J(l-e*^))i+^ 
Easy calculations show 



-)is)<i2~^Eis)y/'i^X)is) (6.20) 



and 

- (S + (2^^S)^/^)(s)(k^)(s). 
In this case we gain by the integration by parts. We have the following estimate 

2-j/2+j-k ^x><\Y- 2^~''s^X\ < 2^-^ <X> 

and hence 

2^-^ < X >-^< S(s) < 1. 
This implies, by Lemma [6. 5( b). 

J ^.,(X, .) (S + (2-S) V^) ^(.) ^^j^^TT^ /\yL^X\ 



<2'' 



E<2 

■)2efc 



6.3 Estimation for 2^= ? < 
Definition of S(s) 

We define the control quantity S in this case by 



6.3 Estimation for 2^~^ < 
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Estimation of Gkj 

Recall that in this case Gkj is given by 



Let 



+ - s)2)W2 

(2xxi — -iw)' 



X{s) ds. (6.21) 



k(s) : = 



,2m 



Then a"^ w \k,\ = \2xxi — a w~ 
Remark. On the Heisenberg group Hm, k,^ is defined as 



k'^ := (i?2 + (u-s 



,2\-m/2 



and we have the estimate S, a ™. 



The support of X is contained in [1/8,32]. By (15.161) and (16. ip we get for s in 
the support of X the following estimates 

- x,^\ = |(x + xi){x -xi)\< (2^o2(''-^'^/' + 4^i2('=-^')/2)2(^-jV2+i^^ 
< 2'=-^+='(^o + '^i? < 8^2(^0 + ^1)^ < 1/32, 
R = x'^ + xl< 16^2(^0 + ^^i)^ < 1/16, 
n < 2'=-^+=^(^o + ^^i)^ < 8^2(^0 + ^1)^ < 1/32, 



(m — s) ~ 1, w(s) 



— x?)^ + (u — s) 



1. 



We get 



1^1 
1^1 



Rw + 2xa;i(n — s) 



[u — s)w — 2Rxxi 
(i?2 + (n - s)2)ti; 



< < 2 < 1 



which implies 



(u — s)w — 2Rxxi 



\Y\ ~ {X) ~ 1. 



(6.22) 



Furthermore, {dj^^pl < 2^^ and |c}s(/?| < 2'^ Hence easy calculations show 



^)(.)<^(-A')(s) = S(.) i.X)is) 



(6.23) 



and 
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Since |F| ~ 1 we see that 



2-k 



(6.24) 



holds. This imphes 



(6.25) 



if S(s) > 1. Fix a cut-off function pi supported in |x| < 2 with pi(x) = 1 for 
\x\ < 1. We can write Gk,j as 



\Gk,j\ =2^=/^ 2("^-^)(^-'=) 

Ck,j,m~i{xi,x,u,s) k{s) Pi(S(s) + (1 -pi(S(s)) X{s) ds 



with 



^4 
^k,j 



2k/2+im-l){j~k)~j 



1<S<2 



ds 



2fc/2+(m-l)(i-fc) 



a,,,m-i(a:i,x,n,s) (S + (2-^S)i/2)(s) (k^)(s) 



(is 



S<2 



2fc/2+(r.-l)0--.) / (^A')(s)|rfs 



S>1 



2fc/2+(m-l)0-fe) 



Cfc,,.^_i(a;i,x,u,s) (2-^S)V2(,) (^A')(,) 



(is. 



E<2 



and Ck,j,m-i and Ck,j,m-i defined as before. We have \Glj\ < 1^*1 ,,|. Notice that 



|5.S|(s)<|2-^-^9,Vl<2^|^1, 



(6.26) 



ifS(s)<l.And hence < IG^ ,]. 
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Estimates for G\ ^ and G\ j. 

In this case we liave by Lemma 16.61 



E(s)>l 



Li{0(xi)) 



<2fc/2+ei 2(m-l)(j-fc) 

X / ^kjiX.s) — ' ' ^ dX dY ds 

E{a)>l 

In addition with the trivial estimate in Lemma E! 

ll'-^fc,jllLi(0(xi)) ^ 



X 



|y|i/2 1 
V^fc AX, s) — ' ' ^ dX dY ds 



0(xi) 
<;2'c-j/2+ei 

we get 

\\G\,\W^oix.)) + ||G|JU,(o(.o) < min{22^^ 2'="^-/2+e,^_ 
Hence, with 2^^ ~ l/'^^'a, 

l|G'fc,ilUi(0(xi)) + ||G'fcj||Li(o(xi)) 

i>A:+M 

< ^ 2^^ + ^ 2*^-J/2+y' 

j>k+M, j<2k j>k+M, j>2k 

oo 

< k 2^'^ + ^ 2-J/2+y < A; 2'=^ 

Estimates for G\ ^ and G^j. 

In this case we gain by the integration by parts. We deduce by Lemma 16.61 

\\G\j\\Li{0{,Xi)) + \\Gl^j\\L^[0(xi)) 

<2fc/2+ej+(m-l)(j-fc) 

X / W;. Ax .^) yu) ^ l-^l ^ d.x dv d..^ 

J ''^ ' ^ V ; /l^y _ 2X21 



0{^l) 
S<2 



<22ei_ 
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Together with the trivial estimate, Lemma EI 

^/\XY -xi^X 



2k/2+ej+{m.-l){j-k) / |^|l/2 I I < ^^-^I'^+^j 



0(xi) 
E<1, 



we get, with T'^ ~ 1/^2, 

j>A:+M j>k+M, j<2k j>k+M,j>2k 

< k 2^'^. 

This completes the proof of Proposition 15.31 and hence completes the proof of 
Theorem O 
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Index of notation 



c 


set of complex numbers 


Coo 


set of continuous, in oo vanishing functions 


6 


set of smootii functions 




set of compactly supported smooth function 


D' 


set of distributions 


Hi 


Heisenberg group of dimension 3, page 11 


TLX 


TT '1 r 1 ' * 1 -1 -1-1 

Heisenberg group of dimension 2m + 1, page 11 




set of integrable functions 


Lp 


set of measurable functions with / p G Li 


ja 


set of measurable function / with /| l<» < 


m 


set of natural numbers 


Wo 


1NU{0} 


R 


set of real numbers 


R+ 


set of real numbers x with x > 




set of Schwartz functions 




Lp-Sobolev space of order s 


z 


set of integers 



for a differential operator A, = ||(1 + ^)°'^^/||p) page 1 

Schur norm, page 10 

((x^ + + u^y/'^ resp. {{x^ + x'^f + {u - sfY^^, pages 34, 74 

> 1/2, page 50 

(rf-l)|l/p-l/2|,page2 

ball with respect to the metric (Ia, page 18 

general constants, pages 20, 26, 71 

optimal control metric of the differential operator A, page 17 
{x,u) I— > {rx,r'^u), automorphic dilation, page 11 
Grusin operator, page 11 
page 50 

sub-Laplacian on H^, page 12 
1/2, page 26 

exp{iVG){l + G')-"/2^ page 26 
page 79 

spectral projection operator belonging to the ray Mn,e, page 31 
x"^ + x'^, pages 34, 74 

ray in the joint spectrum of G and ill, page 30 



II ll^p 
II ■ llsc/iMr 

a 

a 

a{d,p) 
Ba 

d-A 

6r 

G 

L 

m 

m''{G) 
R 
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Index of notation 



a page 34 

S pages 91, 97 

Sc, S^^^ pages 5, 25 

U du, page 30 

w ((x^ - x''^y + u2)V2 resp. ((x^ - x'^)^ + (n - s)^)^/^ pages 34, 74 

X, Y new coordinates, page 75 

indicator function of the set A 

Xb "smooth indicator function" associated to the ball B, page 59 
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